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palavras-chave Fibras o´pticas, fibras o´pticas microestruturadas, efeitos na˜o-lineares,
gerac¸a˜o do supercont´ınuo, transpareˆncia induzida electromagneticamente.
resumo Este trabalho de doutoramento englobou o estudo de feno´menos o´pticos
na˜o-lineares que ocorrem em fibras o´pticas microestruturadas (MOFs),
tambe´m chamadas fibras de cristais foto´nicos (PCFs). Nestas fibras, temos
as fibras microestruturadas de nu´cleo so´lido (SC-MOFs) e as fibras micro-
estruturadas de nu´cleo oco (HC-MOFs), que permitem a guiagem de luz
numa diversidade de condic¸o˜es na˜o atingidas com as fibras convencionais.
Estudou-se os mecanismos de guiagem de luz nestas fibras, o que quer para
as SC-MOFs quer para as HC-MOFs incluiu a obtenc¸a˜o dos modos de pro-
pagac¸a˜o, e para estas u´ltimas incluiu ainda o ca´lculo das bandas foto´nicas,
bandas pro´ıbidas, e densidade de estados. Por outro lado, as curvas de
dispersa˜o e os coeficientes na˜o-lineares de SC-MOFs e HC-MOFs preenchi-
das com gases foram calculados. Tambe´m se efectuou a modelac¸a˜o e a
simulac¸a˜o da propagac¸a˜o na˜o-linear de impulsos ultra-curtos nestas fibras.
Com as simulac¸o˜es deste trabalho, foi prevista a gerac¸a˜o do supercont´ınuo
e de luz ultravioleta em certas condic¸o˜es. Na u´ltima parte deste trabalho o
efeito da transpareˆncia electromagneticamente induzida em fibras de nu´cleo
oco foi investigado em detalhe.

keywords Optical fibres, microstructured optical fibres, nonlinear effects, superconti-
nuum generation, electromagnetically induced transparency.
abstract This Ph.D. embraced the study of the nonlinear optical phenomena occur-
ring in microstructured optical fibres (MOFs), also called photonic crystal
fibres (PCFs). In these fibres, there are the solid-core MOFs (SC-MOFs)
and the hollow-core MOFs (HC-MOFs), which allow guided propagation
of light in a diversity of conditions that are not possible with conventional
fibres. The mechanisms of guidance of these fibres were studied, which for
SC-MOFs and HC-MOFs included the computation of the guided modes,
and for the latter included also the calculation of photonic bands, bandgaps,
and density of states. In addition, the dispersion curves and the nonline-
arity coefficients of SC-MOFs and of gas-filled HC-MOFs were calculated.
The nonlinear propagation of ultra-short pulses of light in those fibres was
modeled and simulated. With the simulations of this work, the supercon-
tinuum generation, and the UV-light generation were predicted in certain
conditions. In the last part of this work the electromagnetically induced
transparency effect in hollow core fibres was investigated in detail.
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1INTRODUCTION
1.1 Introduction
The optical fibres represent an important tool for the communication systems, with a
significant impact on the society. The phenomenon that allows the light guidance in conven-
tional optical fibres is the total internal reflection (TIR) known since XIX century [21, 111]:
the first experiment that demonstrated this kind of light guidance was made in 1854 by
J. Tyndall. He demonstrated that light can be guided through a jet of water by suffering
successive total internal reflections.
The first optical fibres were fabricated in 1920’s [48], however, they had impracticable
huge losses. At that time, the fabrication processes did not prevent material impurities. The
optical fibres became more common during the 50’s of XX century, when the fibre’s core was
involved by a cladding. The first applications of optical fibres were in the area of medicine
for guidance of light in short distances [31, chapt. 1]. In the year of 1966, Dr. C. Kao has
suggested that optical fibres could be used to transfer information in communication systems,
[56] which has granted him the Nobel prize in 2009. With the technological advances, it was
possible to reduce the attenuation of optical fibres to only 0.2 dB/km in the spectral region of
1.55µm, by 1979 [76]. The first fibre systems in optical communications appeared in 1980’s.
With the technological evolution, in 1990’s bit transfer rates of 1Tb/s were obtained for
multi-channel systems [31]. The usage of erbium dopped fibres amplifiers (EDFA) allowed a
revolution in the communication systems, such that the transmission through optical fibres
has reached long distances in the beginning of 90’s.
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The posterior progresses lead to a wide spread of the optical communication systems:
nowadays, the optical fibres are used in the infrastructures of the internet, worldwide.
In 1996, a new class of optical fibres has appeared, the so-called microstructured optical
fibres (MOFs) or photonic crystal fibres (PCFs). The microstructured optical fibres have a
micro-structured geometry in the cross-section over the entire fibre’s length [12, 59, 93, 119].
The idea for fabricating MOFs has come from photonic crystals, firstly proposed in 1987
[55, 118]. In fact, the first proposed MOFs were fibres with a photonic crystal in their cladding
and whose core is called a defect, i.e. a zone without the same surrounding periodicity. After
the initial idea of fabricating MOFs with the format of 2D photonic crystals, about 4 years
of studies were carried out. The experiments as well as numerical studies for finding the
bandgaps were taken simultaneously. Then, in fact, the 1st MOF that was fabricated for
testing the ocurrence of photonic bandgaps effect guided by means of modified TIR effect
[93]. After that, various types of MOFs have successively appeared.
In particular, different microstructured details of MOFs can lead to different properties
and to different guidance mechanisms. In fact, the characteristics of light propagation such
as dispersion, nonlinearity, or even loss [9, 119] can be tailored by the fibre’s design.
These novel fibres can be divided into two main categories: the solid core MOFs (SC-
MOFs) and the hollow-core MOFs (HC-MOFs) [31, chapt. 13]. In the SC-MOFs category, the
guidance of the light is generally due to the effect of modified total internal reflection, which
is analogous to the guidance mechanism of the conventional optical fibres, but more complex
[60]. On the other hand, in the HC-MOFs category, the photonic crystal that composes
the cladding only allows propagation of light in certain frequency bands. The bands where
propagation is not permitted are caled photonic bandgaps and the core guidance occur at
frequencies within those bandgaps [61]. In some other HC-MOFs the guidance mechanism
is not really a bandgap in the cladding but low density of states in the cladding or very low
coupling between cladding and core modes [6].
Nowadays, various laboratories worldwide can produce their own MOFs using different
fabrication techniques [29], and there are MOFs commercially available. In order to fabricate
a MOF the first step is to produce a ”preform” (a macroscopic piece with the planned
microstructure), and the second step is to draw down to the fibre with the desired dimensions.
There are various techniques to achieve this: stacking of capillaries and rods, extrusion, sol-gel
casting, and injection moulding and drilling.
The propagation of light in MOFs has been studied and experimentally realized by con-
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sidering various materials in the fibre cross-section, however, silica is still the more common
solid material for MOFs. Nevertheless, the core and/or the cladding of SC-MOFs can be
made of glasses of higher nonlinearity than silica, namely lead-silicate, bismuth oxide, tel-
lurite, and chalcogenide glasses [27, 63, 64, 66, 89], or the core of HC-MOFs can be filled
with liquids [65, 83, 113] or gases [8, 109]. In addition, the cladding of those fibres can be
composed of a pattern of different materials. The possibility of having various materials in
the cross-section of the fibre gives them peculiar characteristics, which are far from the bulk
materials’ characteristics.
For standard fibres, when the intensity of the light is high enough, the response of the
medium is no longer linear. With the expansion of usage of optical fibres in the whole world,
the nonlinear optical phenomena become more relevant. Nevertheless, the first experimental
work showing nonlinear effects in optical fibres was done by E. Ippen with a CS2-core fibre,
in 1970 [53].
In fibre communications, the nonlinear phenomena appeared at first as a phenomenon that
distorts the signals, which for propagation purposes leads to certain restrictions. However,
for the manipulation of the signals we usually need nonlinear effects: such that for amplifi-
cation, reshaping, optical wavelength conversion, etc. which are very important for photonic
networks. This seems almost a paradox: the nonlinear effects can become a problem or an
important solution. The nonlinear optical processes offer a potential solution to the cons-
truction of future full ”photonic networks”[97]. In particular, the nonlinearity of silica-based
fibres can be responsible for a wide range of nonlinear phenomena, being used and proposed
for diverse all-optical signal processing devices [31].
The optical fibre’s nonlinearity can be increased through the tailoring of the fibre’s design
by changing the design of the structure or their parameters, for instance by reducing the fibre
core or increasing the index contrast, or by using materials such as highly nonlinear glasses.
Amongst the nonlinear phenomena, one particularly studied in this thesis is the super-
continuum generation [25, 26, 105]. This effect occurs when a narrow band signal passing
through a medium suffers an extreme spectral broadening due to a combination of dispersive
and nonlinear effects. With highly nonlinear fibres, the required fibre length to achieve the
supercontinuum generation was experimentally reduced to the order of cm [31], whereas in
this thesis numerical simulations show that for the layered spiral MOF (LS-MOF) model [92]
this may happen in 0.3 mm only.
With gas-filled HC-MOFs the generation and propagation of new frequencies may occur in
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the UV region, since the gases are transparent at the UV region. It is also possible to tune this
process. This effect has several applications, namely in ultrafast spectroscopy, multiphoton
microscopy and remote sensing [4, 71]. Furthermore, the interaction of reasonable intense
light with a gas may generate a plasma [49, 99]. The plasma is created when the ionization of
the gas exceeds a certain threshold, leading to the separation of positive and negative charges
of the material.
HC-MOFs, with their ability to host atoms and molecules and to strongly confine light
over very long interaction lengths, provide an ideal medium for performing low-power non-
linear optics. Nonlinear optics at ultra low-light levels is critical for quantum information
processing and cryptography, which require single-photon or quasi single photon manipula-
tion, generation, and storage [13].
The interaction of light in atomic vapours resonantly inside of the core of a HC-MOF
is also very advantageous, since inside the core the light is diffraction free. In particular,
the phenomenon of electromagnetically-induced transparency (EIT) [10, 84] has been expe-
rimentally realized in HC-MOFs. This effect can be observed when a material is subjected
to two laser signals: one strong laser signal and a weak probe laser signal both near to a
resonance. The interaction between the material and the strong laser signal will produce a
different energy levels layout, in such a way that the probe laser is not absorbed as it would
be in the absence of the strong laser. In an EIT configuration, we can obtain slow-light and
fast-light, as well as high nonlinearity.
1.2 Thesis outlook
In chapt. 2, we will introduce the guidance mechanisms of solid-core microstructured
optical fibres (SC-MOFs) and hollow-core microstructured optical fibres (HC-MOFs). We
will distinguish these two types of fibres, and we will explain the distinct phenomena that
can occur in those fibres, namely the modified total internal reflection, the photonic bandgaps,
and the low density of states.
In chapt. 3, we will present our methods for studying SC-MOFs and HC-MOFs, which
include work with Comsol multiphysics software, Matlab programming language (and C++),
as well as MIT photonic bands (MPB) software. We will distinguish the methods used to
describe a fixed geometry with non-periodic boundary conditions, and with periodic boundary
conditions. The former can be applied to both SC-MOFs and HC-MOFs, and the latter can
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be applied to HC-MOFs, which guide light due to periodicity of the cladding that leads to
the existence of bandgaps.
In chapt. 4, we will present the properties of some SC-MOFs and HC-MOFs. We will
study various models, including the layered spiral SC-MOF, and the kagome´ HC-MOF. In
addition, we will present several results for light propagation in those fibres, including the
supercontinuum generation, and the UV light generation. The output characteristics that are
relevant to our studies are, in the case of SCG, the band width of the output and the necessary
fibre length for observing the phenomena in each medium; in the case of UV light we are
interested in high coherent pulses, high quality pulses, and high efficient light conversion.
In chapt. 5. we will discuss the electromagnetically induced transparency (EIT) effect,
in particular in HC-MOFs. We will describe the main theory of the EIT phenomenon, that
can occur in a bulk or in a guided medium. In our case, we will proceed by studying the
impact of confining the medium of EIT in a HC-MOF. We will analyse the properties in such
conditions, by describing the variation of the refractive index of a HC-MOF with a periodic
structure in the cladding and with a EIT medium in the core, whose properties depend on
the pump and probe lasers of the EIT phenomena.
Finally, we end in chapt. 6 with our conclusions and suggestions for future work in these
subjects.
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2PULSE PROPAGATION IN OPTICAL FIBRES
In this chapter, we will start by explaining the different mechanisms that provide light gui-
dance in microstructured optical fibres (MOFs), dividing them in two groups: the solid-core
MOFs, and the hollow-core MOFs. Then, we will derive the master equation for determining
the guided modes, and an equation for pulse propagation. We will then proceed describing
the fibre’s main linear and nonlinear properties.
2.1 Light guidance mechanisms
In a homogeneous medium the light propagates in rectilinear direction but suffers diffrac-
tion leading to the increase of the beam width. In addition, in a real setting light suffers
diffraction when it finds obstacles. However, the increase of the beam width resulting from
diffraction can be overcome in certain geometrical arrangements of different dielectric mate-
rials, such as optical fibres.
Here, we analyse some of the mechanisms responsible for light guidance in optical fibres.
The well-known total internal reflection (TIR) effect was used for showing light guidance for
the first time in the XIX century [111], and nowadays this is the effect that supports the
guidance in conventional optical fibres.
The TIR effect occurs when the light reaches an interface from a medium to another if
the second medium has a lower refractive index and the light reaches the interface at an angle
higher than the critical angle. This effect occurs repeatedly in a conventional optical fibre,
and therefore the light is guided in the fibre’s core since it is surrounded by a cladding with
a lower refractive index.
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The TIR effect occurs following the Snell law, also known as the refraction law:
ni sin θi = nr sin θr (2.1)
where ni is the refractive index of the material where the incident ray propagates, θi is the
incidence angle, nr is the refractive index of the material where the refracted ray propagates,
and θr is the refraction angle. If ni > nr, and θi ≥ θc, where θc is the critical angle given by
θc = arcsin(nr/ni), there is no refracted light, such that the TIR phenomena occurs.
In addition, in microstructured optical fibres (MOFs), new guidance mechanisms have
been observed. In these fibres we have two main types of guidance: i) the modified TIR
guidance, ii) the photonic band gap guidance, or other associated effects such as the low
density of states (DOS).
2.1.1 Light guidance in solid-core MOFs
In solid core microstructured optical fibres (SC-MOFs), the necessary condition for the
occurrence of light guidance due to the modified TIR is that the core’s refractive index must
be higher than the cladding’s average refractive index.
In standard optical fibres with TIR and in MOFs with modified-TIR, the propagation
constant β = k// is defined as the longitudinal component of the wavenumber k. In fact, the
propagation constant follows the condition:
avg(ncl) <
β
k0
< nco, (2.2)
where nco is the refractive index of the core, avg(ncl) is an “average” of the refractive index
of the cladding, and k0 = 2pi/λ is the wavenumber in vacuum. The effective refractive index
is related to the propagation constant, β, through the definition:
neff = β/k0. (2.3)
The refractive index of a material, n(r), is given by:
n(r) =
c
v(r)
=
√
r(r)µr(r) ≈
√
r(r), (2.4)
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Fig. 2.1: Schematic representation of various solid-core MOFs; the white regions represent
glass, the black regions represent air, and the grey regions represent doped glass; a) “endlessly
single-mode” SC-MOF; b) very high air filling fraction SC-MOF; c) double core SC-MOF; d)
birefringent SC-MOF; e) double cladding SC-MOF with doped and deviated core (adapted
from ref. [93]).
where r indicates the location at the material, c is the speed of light in vacuum, v(r) is the
speed of light at the point ~r of the material, r is the relative permittivity, and µr is the
relative permeability; the approximation made here is due to the fact that µr = 1 for most
of the materials used in MOFs.
Examples of SC-MOFs can be seen in Figs. 2.1.a)-e). The fibre in a) is an endlessly
single mode fibre: it guides only one propagation mode for all of its operating wavelengths;
the fibre in b) has a very high air filling fraction, which leads to a high field confinement and
therefore is often used for nonlinear applications; the fibre in c) is an example of a fibre with
multiple cores; the fibre in d) has a high birefringence due to the asymmetry induced by the
different dimensions of the holes; the fibre in e) has a double cladding and a deviated and
doped core for guidance by modified TIR.
The possibility to have an endlessly single mode fibre, i.e. a fibre with only one propaga-
tion mode over a wide frequency range [112], is an important characteristic. It was found that
this occurs in hexagonal MOFs for d/Λ < 0.43 [93], where d represents the holes diameters,
and Λ is the pitch.
The mode with the maximum effective refractive index, nmax, permitted in the SC-MOFs
corresponds to the fundamental propagation mode. Its value depends strongly on the wave-
length of the light that propagates in the fibre. In the limit of high wavelengths, the effective
refractive index of the fundamental mode, nmax depends on the air filling fraction (AFF) and
on the materials composing the fibre. In the case of a MOF composed by air and silica, nmax
is given by [93]:
nmax →
√
(1−AFF)n2glass + AFFn2air, (2.5)
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Fig. 2.2: Schematic representation of various MOFs whose refractive index of the core is
lower than in the cladding; the white regions represent glass, the black regions represent
air, and the grey regions represent doped glass; a) HC-MOF with kagome´ structure in the
cladding; b) HC-MOF with seven removed cells in the nucleus; c) HC-MOF with carbon
ring structure in the cladding with a defect in the center for photonic band gaps guidance
(adapted from ref. [93]).
In the limit of small wavelengths, the refractive index of the fundamental mode, nmax, depends
only on the refractive index of the glass constituting the core:
nmax → nglass, (2.6)
because light with a small wavelength can distinguish better the air and the glass regions,
and therefore it remains well confined in the core, due to modified TIR effect.
2.1.2 Light guidance in hollow-core MOFs
The MOFs which have their core’s average refractive index lower than their cladding’s
average refractive index are, usually, hollow-core microstructured optical fibres (HC-MOFs)
and their predominant guiding mechanisms are the photonic bandgap (PBG) effect or low
density of states (DOS) in the cladding, that occur due to the periodicity of the arrays of holes
in the cladding. There is also the possibility of finding regimes with low coupling between
the core and cladding modes [85].
The photonic bandgap regions in an optical fibre are frequency regions at which states of
light propagating in the longitudinal direction are not allowed in the cladding, but they can
still propagate in the core without escaping to the cladding, leading to the guidance of light
in the core. In addition, even if there is not a full bandgap but if the density of states in the
cladding is very low, light guidance in the core can still occur.
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a) b)
Fig. 2.3: a) The flower of life fibre’s model; b) a fundamental propagation mode confined in
the core of a FoL fibre.
Examples of HC-MOFs can be seen in Figs. 2.2.a)-c).The fibre in a) has a kagome´ lattice
in the cladding, and in this case the guidance is due to the low density of states in the cladding;
the fibre in b) is a typical hexagonal HC-MOF which guides by the photonic bandgap effect;
the fibre in c) has a carbon ring structure in the cladding and a defect was inserted in the
core for guidance by PBG effect.
The flower of life (FoL) fibre is a distinct fibre whose geometry is represented in Fig. 2.3.a),
firstly proposed in this thesis. The flower of life structure can be found in arts patterns, but
it has not yet applied to fibres. In the FoL fibre we expect theoretically to observe light
guidance due to the periodicity of the cladding. This guidance may be possible due to full
photonic band gaps or partial photonic band gaps, i.e. low density of states. In Fig. 2.3.b)
we see a guided mode, which corresponds to the first prediction of hollow-core light guidance
in this type of fibres.
2.2 Wave equations
The study of optical fibres is done in distinct ways if we are considering conventional fibres
or MOFs. In fact the former can be studied with semi-analytical methods, whereas the latter
require the use of numerical methods. In this section, we will introduce a general formalism,
then we proceed by studying conventional optical fibres, and finally we will demonstrate an
evolution equation for pulse propagation which can be used for studying both types of fibres.
The propagation of light can be described by various theories with different degrees of
accuracy, namely geometric optics, wave optics, electromagnetic wave optics, or quantum
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optics. In this section, we focus on the electromagnetic wave optics theory which is based on
the Maxwell’s equations [11, chapt. 2]:
∇.D = ρ; (2.7)
∇.B = 0; (2.8)
∇×E = −∂B
∂t
; (2.9)
∇×H = J + ∂D
∂t
. (2.10)
where E and H are respectively the electric-field and the magnetic-field, and D = 0E + P is
the electric displacement, and B = µ0H is the magnetic induction; here  is the permittivity
or dielectric constant, µ is the permeability, ρ is the charge density, J is the current density,
and P is the polarization vector;
The effects of light-matter interaction studied in this thesis result from the induced pola-
rization of the medium by the electromagnetic field of light. When the light propagates in a
dielectric material it disturbs the bound electrons causing a polarization response. The light,
being an electromagnetically field oscillation, causes an oscillation in the bound electrons.
The polarization can be separated in two parts, corresponding to the linear and the
nonlinear polarization:
P = PL + PNL, (2.11)
where PL is the linear part of polarization given by:
PL(r, t) = 0
∫ t
−∞
χ(1)(t− t1)E(r, t1)dt1. (2.12)
where χ(1) is the first order susceptibility.
On the other hand, close to resonances a semi quantum-mechanical treatment is neces-
sary, as we will do in the Chapter 5, which is dedicated to the electromagnetically induced
transparency (EIT) phenomena.
For fused silica, the most common material for fibres, the second order susceptibility term
vanishes due to the centro-symmetry of the molecule [81, chapt. 1]. In addition, the noble
gases, which will be studied here in the context of hollow-core fibres, are monoatomic so
that their second order susceptibility term also vanishes. Therefore for the considered optical
fibres in this thesis the lowest term of the nonlinear polarization is the third order, which is
given by: [106]
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P
(3)
NL(r, t) = 0
∫ ∫ ∫ t
−∞
χ(3)(t− t1, t− t2, t− t3)
...E(r, t1)E(r, t2)E(r, t3)dt1dt2dt3, (2.13)
where the vertical dots represent the tensorial product.
From Maxwell’s equations (Eqs. 2.7-2.10) and Eq. (2.13), we obtain the following nonli-
near wave equation (appendix (A.1)):
∇× (∇×E) = − 1
c2
(
∂2F−1{˜rE˜}
∂t2
+
1
0
∂2PNL
∂t2
)
(2.14)
where E˜ denotes the Fourier transform of E, and ˜r = 0(1 + χ
(1)).
In the following, in order to study the propagation of light in fibres we will do a separation
of the analysis in two parts: in the first part (section 2.2.1.) we assume that the cross section
is constant in all the longitudinal direction of the fibre, and that the fibre response is linear;
and in the second part (section 2.2.2) we enlarge our assumption to consider that the fibre
response is nonlinear and the light is in the form of short pulses, obtaining an equation for
a slowly varying envelope of the electric field describing its evolution along the longitudinal
direction in such a fibre.
2.2.1 Fibre modes
Let us consider monochromatic solutions that then may be used as a basis for describing
the non-monochromatic solutions. The monochromatic solutions are of the form:
H(r, t) = H(r)e−iωt (2.15)
E(r, t) = E(r)e−iωt (2.16)
Using this separation of variables, and after a mathematical manipulation of Eqs. (2.7)-
(2.10) assuming a linear response (appendix A.2), we obtain the equations for the electric-field
and the magnetic-field, which depend on the transverse distribution of the relative electric
permittivity ˜r:
∇×
[
1
r(r, λ)
∇×H(r, λ)
]
=
(ω
c
)2
H(r, λ); (2.17)
E(r, λ) =
i
ω0εr(r, λ)
∇×H(r, λ); (2.18)
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or alternatively:
∇×∇×E(r, λ) =
(ω
c
)2
r(r, λ)E(r, λ); (2.19)
H(r, λ) = − i
ωµ0
∇×E(r, λ); (2.20)
where Eq. (2.17) is known as the master equation [54] with which we can find the fibre
modes, assuming a relative electric permittivity in each point of the fibre cross-section. After
solving Eq. (2.17), we obtain the optical field distribution with the Eq. (2.18). With these
two equations we can obtain the optical guided modes and the corresponding propagation
constant of an optical fibre.
In fact, we can choose to solve Eq. (2.17) or Eq. (2.19) only, i.e. to compute one of
the fields, and then from Eq. (2.18) or Eq. (2.20) we know the form of the other field, and
consequently the electromagnetic field distribution.
In general, in order to solve the master equation, Eq. (2.17), for a microstructured optical
fibre or a photonic crystal, it is necessary to use numerical methods.
2.2.2 The nonlinear pulse propagation equation
In order to solve Eq. (2.14) for predicting the evolution of a pulse in fibres it is usual to
consider a perturbative approach, by assuming that the nonlinear effects may be accounted
as a small perturbation to the refractive index [26, 31]. Let us consider that the electric field
is linearly polarized and do a scalar approach. The electric field and its Fourier transform
are:
E = f(x, y)a(z, t)e−iωct+iβcz → F{E} = f(x, y)a˜(z, ω − ωc)eiβcz (2.21)
where f(x, y) is the spatial mode field distribution along the cross section with coordinates x
and y, a(z, t) is the amplitude of the mode field along the direction z and the time t, and ωc
and βc are the carrier frequency and the propagation constant, respectively. Here, we use F
and the tilde of a function to denote the Fourier transform of that function, which is studied
in the frequency, ω, domain.
Inserting this expression in (2.14) we obtain two equations:
1
f
∇2t f +
ω2
c2
(n2 + 2n∆n) = β2; (2.22)
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− 1
a˜
(
∂2a˜
∂z2
+ 2iβc
∂a˜
∂z
− β2c a˜
)
= β2. (2.23)
where ∇t = ∂∂x~ex + ∂∂y~ey is the transverse component of the nabla operator, and ∆n contains
the losses and the nonlinear effects.
We shall compare Eq. (2.19) and Eq. (2.22). The Eq. (2.19) is deduced from Maxwell’s
equations, including the components x, y, z, but neglecting the nonlinear term, with PNL = 0.
The Eq. (2.22) includes the nonlinear term as a perturbative variation of n; in addition this
equation includes the propagation constant, β - this constant appears mathematically since
the problem presents a solution to which we can apply a separation of variables approach,
such that: fxy(x, y) = fz(z) = β; in practice this constant corresponds to β = neffk, including
the property of dispersion due to the fact that different components of the wave propagate
with distinct velocities in the medium; usually β is obtained by solving Eq. (2.19) and after
that it is used to solve Eq. (2.23).
From Eq. (2.23), and using the slowly varying envelope approximation, we obtain the
pulse propagation equation (appendix A.4):
∂u(z, τ)
∂z
− i
[∑
k>1
1
k!
βki
k ∂
k
∂τk
u(z, τ)
]
+
α
2
u(z, τ) =
= iγ
(
1 + iτshock
∂
∂τ
)∫ τ
−∞
R(τ ′)|u(z, τ − τ ′)|2dt′u(z, τ),
(2.24)
where u is the normalized amplitude of the optical field, z is the distance along the fibre,
τ = t−β1z such that we transform to a co-moving frame, τshock is a timescale associated with
effects such as the self-steepening and the optical shock formation, the βk terms represent the
several orders of dispersion, α represents the fibre losses, R represents the nonlinear response
(including Kerr and Raman terms), and γ is the fibre’s nonlinear parameter defined as:
γ =
2pinK
λaeff
, (2.25)
where nK is the Kerr nonlinear coefficient and aeff is the effective mode area, given by:
aeff =
(∫ ∫ |f(x, y)|2dxdy)2∫ ∫ |f(x, y)|4dxdy . (2.26)
The nonlinear response function R(t) in Eq. (2.24) can be written as [26]:
R(t) = (1− fR)δ(t) + fRh(t), (2.27)
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where the Dirac δ-function respresents the instantaneous electron response (responsible for the
Kerr effect), h(t) represents the delayed ionic response (reponsible for the Raman scattering),
and f is the fractional contribution of the delayed Raman response, which for silica is around
0.18 [26]. Also for silica, it is common to approximate h(t) in the form: [26]
τ21 + τ
2
2
τ1τ22
exp(−t/τ2) sin(t/τ1)Θ(t), (2.28)
where τ1 = 12.2 fs and τ2 = 32.0 fs, and Θ(t) is the Heaviside step function.
Here, βn =
dnβ(ω)
dωn
∣∣∣
ω=ωc
are the terms used in the Taylor series for β around ω = ωc:
β(ω) = βc +
+∞∑
n=1
1
n!
βn(ω − ω0)n. (2.29)
In particular, βc is the propagation constant at the central wavelength, β1 is the inverse of
the group velocity, and the parameter β2 represents the group velocity dispersion of the fibre,
both at ωc.
When we neglect the higher order dispersion terms, the shock term, and the Raman effect,
in Eq. (2.24) we obtain:
∂
∂z
u(z, τ) + i
β2
2
∂2u(z, τ)
∂τ2
= iγ|u(z, τ)|2u(z, τ), (2.30)
This Eq. (2.30) is the so-called nonlinear Schro¨dinger equation (NLSE), due to a mathemati-
cal similarity between this equation and the Schro¨dinger equation from quantum mechanics.
In general, when we consider additional effects such as higher-order dispersion, Raman
effect, self-steepening, and losses, such as in Eq. (2.24), we have the so-called generalized
nonlinear Schro¨dinger equation (GNLSE).
In nonlinear optics, the Kerr effect may be seen as a refractive index that is dependent
on the intensity of light. In the optical fibers, it can cause: self phase modulation (SPM),
cross phase modulation (XPM), and four wave mixing (FWM). The Kerr coefficient depends
on the particular material. In particular, some values for materials used in solid-core fibres
are: [23, 42, 86]
- 2.6x10−20m2/W, for silica;
- 5.72x10−18m2/W, for arsenic trisulfide;
- 4.1x10−19m2/W, for SF57.
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2.3 Linear and nonlinear effects
group velocity dispersion
The group velocity dispersion effect (GVD) is a linear effect and a consequence of the
wavelength dependence of the refractive index. In a fibre the dispersion can be defined as the
changing of the effective refractive index, neff(λ), of each mode with the wavelength. In fact,
neff(λ) depends on both material and waveguide contributions, so that it can be tailored by
adjusting the design parameters of a MOF.
The main order of dispersion that affects the pulses is the second order, usually cal-
led group velocity dispersion which is characterized by the parameter β2 mentioned above.
However, in practice it is common to use the dispersion parameter D related to β2 by:
D = −2pic
λ2
β2, (2.31)
As with other dispersion terms, the group velocity dispersion depends on the chromatic
dispersion of the materials and on the waveguide dispersion [46]. In Fig. 2.4, we compare the
dispersion curve for pure silica and the dispersion curve for a standard silica step-index fibre,
where we may see that the zero dispersion wavelength (ZDW) is located close to 1.31µm, in
both cases.
Fig. 2.4: Dispersion curves: i) for pure silica; ii) for a standard optical fibre with rcore=1.0µm
with silica dopped with germanium dioxide at 6.3mol% in the core, and pure silica in the
cladding.
As mentioned above, in spite of the fact that the dispersion is a linear effect, it influences
which new wavelengths can be created nonlinearly, namely through the four wave mixing
effect. In this case, the necessary phase-matching for power transfer between different wave-
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Fig. 2.5: Material dispersion for SiO2, and SiO2/4%GeO2; and material dispersion,
waveguide dispersion, and total dispersion (D = Dm+Dw) for a dispersion shifted fibre
(SiO2/13.5%GeO2), where a is the core radius [adapted from ref. [2]].
lengths depends on the dispersion curve.
The sign of β2 is critical for the light behaviour. The wavelength range for β2 > 0 (D < 0)
is called the normal dispersion regime, whereas for β2 < 0 (D > 0) is called the anomalous
dispersion regime. In the normal-dispersion regime, the higher frequency components of an
optical pulse travel slower than the lower frequency components. In the anomalous-dispersion
regime the opposite occurs. The wavelength for which the dispersion is zero, i.e. in the
transition between these two regimes, is called the zero dispersion wavelength (ZDW).
The minimum loss for a standard silica fibre is located at 1.55µm[1, chapt. 2]. It is
possible to shift the ZDW into the main low loss spectral region of the fibre, by combining
the material dispersion, Dm, and the waveguide dispersion, Dw.[19]. Fig. 2.5 shows the
group velocity dispersion of such a dispersion shifted fibre. This type of fibre is particularly
important because it has a coincidence between the zero dispersion and the minimum of
attenuation at 1.55µm.
Now we focus on the effects of second order dispersion only. For this purpose we neglect
the fibre nonlinearity and reduce the NLSE to:
∂u
∂z
= −i1
2
β2
∂2u
∂t2
. (2.32)
In the frequency domain, using the relation ∂∂t ↔ −iω, Eq. (2.32) reads:
∂u˜
∂z
=
i
2
β2ω
2u˜, (2.33)
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Fig. 2.6: Schematic illustration of the pulse’s dispersion induced-chirp in the normal GVD
regime and in the anomalous GVD regime.
where the tilde denotes the Fourier transform. The solution of Eq. (2.33) is:
u˜(z, ω) = u˜(0, ω)e
i
2
β2ω2z (2.34)
u(z, t) = F−1 {u˜(z, ω)}
=
∫∞
−∞ u(0, ω)e
i
2
β2ω2z−iωtdω.
(2.35)
Normal dispersion or anomalous dispersion distort the pulses that travel along the fibre
in a different way, as illustrated in Fig. 2.6, but in both cases there is pulse broadening. As
an example, we show the spectral and temporal evolution of a pulse under the group velocity
dispersion in Fig. 2.7.
It is convenient to define length scales after which the effects become significant. For
the dispersion effects we define the dispersion length as the distance after which a maximal
temporal phase excursion of 1 rad is accumulated, which corresponds to: lD = t
2
0/|β2| [1],
where t0 is a variable related to the full width at half maximum (FWHM) of the pulse.
In particular, for the hyperbolic secant pulses we have that: tFWHM = 2 ln(1 +
√
2)t0 ≈
1.762747t0.
When the second order dispersion is low, the third order dispersion becomes more rele-
vant. In fact, when the dispersion curve is considerably away of a flat line various higher
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Fig. 2.7: Spectral and temporal evolution of a pulse, by considering the 2nd order dispersion
term.
order dispersion terms are necessary to be taken into account.
fibre losses
When we launch a light pulse in an optical fibre, after some distance the pulse power will
be lower than the initial power due to losses in the fibre:
P = P0e
−αl, (2.36)
where P0 is the initial power, P is the power of the light pulse after a distance l and α is
the attenuation constant. Is is more common to measure the losses in dB/km, such that the
following relation is used:
αdB = −10
l
log (P/P0) = 4.343α. (2.37)
We can evaluate the confinement losses through the imaginary part of the effective refrac-
tive index, since the imaginary part of neff represents a reduction of the signal’s amplitude
[33]:
conf. loss[dB/m] =
20× 106
ln 10
2pi
λ[µm]
Im(neff). (2.38)
where neff = β/k0.
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self-phase modulation
The Kerr effect produces a phase modulation on a pulse that propagates on an optical
fibre. Such phase modulation can be due to the pulse itself, known as self-phase modulation
(SPM) effect, or can be due to a different pulse, known as cross phase modulation (XPM)
effect. The first observation of SPM in optical fibres has ocurred in 1975 [67].
To describe the SPM effect, we reduce Eq. (2.30) to:
∂
∂z
u(z, t) = iγ|u(z, t)|2u(z, t), (2.39)
which is valid when the group velocity dispersion is low, for relatively long pulses or continuous
waves. The general solution for this equation is:
u(z, t) = u(0, t)eiγ|u(0,t)|
2z, (2.40)
where z is the propagation distance. This solution shows that the fibre nonlinearity changes
the phase of the pulse, but does not change the intensity envelope. In addition, this phase
alteration is proportional to the power of the incident wave. In Fig. 2.8 we illustrate the
distortion of a pulse due to SPM, where we can notice the higher frequencies going to the
trailing edge and the lower frequencies going to the leading edge. In Fig. 2.9 we can view
the propagation of a pulse subject to the SPM effect in the temporal and spectral domains,
where we observe spectral broadening but a constant width in the temporal domain.
By comparing Fig. 2.6 and Fig. 2.8, we notice that in the anomalous dispersion regime
SPM and GVD act in different directions. In this regime, nonlinearity- and dispersion- chirps
can compensate each other, partially or completely.
Fig. 2.8: Schematic illustration of the pulse’s SPM induced-chirp.
It is also useful to define a length for which the nonlinear effects become significant.
Such length corresponds to a maximum temporal phase shift of 1 rad, and it is given by:
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Fig. 2.9: Spectral and temporal evolution of a light pulse by considering only the SPM
effect.
lNL = 1/(γP0) [1], where P0 is the peak power of the input pulse.
solitons
In the anomalous dispersion regime of an optical fibre, the chirp induced by SPM and
the chirp induced by GVD can combine in such a way that we observe bright solitons, which
correspond to stationary or periodic propagating light pulses. The existence of optical solitons
in optical fibres was theoretically predicted in 1973[47], and they were indeed experimentally
observed in 1980 [78]. The solitons correspond to analytic solutions of the NLSE: Eq. (2.30).
The most basic soliton is the fundamental soliton (i.e first order soliton), given by [1,
chapt. 5]:
u(ξ, τ) = sech(τ) exp(iξ/2), (2.41)
where ξ and τ are the dimensionless variables defined as: ξ = z/lD and τ = t/t0; In this
case, the SPM and the GVD cancel exactly each other, leading to a propagation of light
with unchanged spectrum and unchanged pulse envelope, as seen in Fig. 2.11.a). There
are also higher-order solitons, which have periodic evolutions. In Fig. 2.11 we observe the
propagation of various solitons with different orders, where norder is defined as:
norder =
√
lD/lNL, (2.42)
where lD and lNL are the characteristic dispersive length and characteristic nonlinear length
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Fig. 2.10: Fundamental soliton propagation.
Fig. 2.11: Spectral evolution of the fundamental soliton and higher-order solitons; the same
fibre was considered in these 4 graphs, the difference is on the input pulse power, whose
values lead here to norder={1, 2, 3, and 4}.
scales defined previously. The higher-order solitons have a periodic behaviour with a soliton
period, z0, given by [31, chapt. 9]:
z0 =
pi
2
LD. (2.43)
By using an input laser pulse with higher power, lNL is decreased, and in consequence
accordingly to Eq. (2.42) that pulse corresponds to a higher-order soliton. In fact, the
propagation state will converge to a nth order soliton with the closest integer value of norder.
[51, 70]
The fundamental soliton is very stable. In fact, even if a different pulse is launched in the
fibre, with norder ≈ 1, the pulse can converge to a soliton: the pulse will release any excess of
energy into linear waves rearranging its amplitude and its pulse duration to fulfill the soliton
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conditions [51]. These solutions are called solitons in the sense that they are ”solitary”waves,
i.e. they are particular solutions which if its input energy is multiplied by a constant different
from 1, the shape of the wave would not be proportional to the original shape. [75]. In fact,
the soliton solutions have discrete energies corresponding to integer soliton orders, norder.
If the pulse power is sufficiently higher than the required for hosting a fundamental soliton,
the situation may be viewed as the lauching of more than one soliton, each of them with the
same frequency, but with different pulse powers and pulse widths. This is the case for an
injected pulse with round(norder) > 1. The solution is not proportional to the fundamental
solution if we increase linearly the input pulse energy, because each soliton propagation
would affect the other solitons, as well. In the pulses with higher-order solitons, the multiple
solitons interact with each other, in such a way that the resulting pulse will show a periodical
evolution. Thus, the pulse shape can be reobtained [51], and we observe a periodical evolution
instead of a stationary behaviour as with the case of the fundamental solition. This periodical
behaviour is justified due to the fact that the nonlinear terms and the linear terms act with
an alternative strength [106].
The higher-order solitons are unstable in the presence of small perturbations such as
third- or higher- order dispersion, or Raman scattering.
The solitons launched in the anomalous dispersion regime suffer soliton fission, decaying
into other sub-pulses. The soliton fission gives rise to multiple fundamental solitons each
with different width and peak power [62]. The number of the multiple solitons that appear
due to the soliton fission is given by norder, and the distance at which the soliton fission occur
is called fission length, which can be approximated by lfiss ≈ lD/norder [109].
The intra-pulse Raman scattering (IRS) is responsible of a soliton shift due to the transfer
of energy from higher to lower frequencies of the soliton spectrum. Such effect is referred
to as soliton self-frequency shift (SSFS) [31, chapt. 13]. The Raman induced SSFS can be
expressed by the formula [31, chapt. 13]:
∆f = −4tR|β2|z
15pit40
, (2.44)
where tR is the Ramna parameter, z is the distance, and t0 is the soliton width.
The SSFS becomes more relevant for ultra-short pulses, since they have a large spectrum
and thus they have more frequencies that can interact with each others. From Eq. (2.44) we
observe that the change in the frequency increases with the distance of the travelled path.
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Fig. 2.12: a) The incident optical pulse with a Gaussian shape; b) the optical pulse after
propagating in a nonlinear medium showing the self-steepening effect of the trailing edge; c)
optical shock wave formation due to self-steepening when the change of the wave is abrupt
(after ref. [11, chapt. 13]).
self-steepening
The self-steepening effect can be interpreted as a wavelength dependence of the Kerr effect
[11, chapt. 13]. The spectral broadening of the pulse under the self-steepening is asymmetric,
due to the different SPM for different wavelengths, and it is more pronnounced on the high-
frequency side [51]. In the limit, this can cause an intensity profile of the pulse that changes
instantaneously, which is called an optical shock wave [11, chapt. 13]. See the schematic
representation on Fig. 2.12.
The Eq. (2.24) contains the Kerr and self-steepening terms:
∂
∂z
u(z, t) = iγ
(
1 +
i
ω0
∂
∂t
)
|u(z, t)|2u(z, t), (2.45)
where we note that the self-steepening correction is proportional to ω−10 [1].
We can also define a length for which the self-steepening is observable: lss = ct0/(n2I)
[11, chapt. 13], where I is the light intensity.
Fig. 2.12 represents a pulse evolution subject to the self-steepening effect. In Fig. 2.12.a)
we show the input pulse; in b) we show the distortion of the pulse due to the self-steepening
effect; and in c) we show the limit case when a optical shock wave is formed due to self-
steepening. For this reason the self-steepening term is sometimes referred in the literature as
the shock term, τshock.
supercontinuum generation
The supercontinnum generation (SCG) is an optical effect through which an initially
narrow spectrum pulse transforms into a very broad spectrum pulse while it propagates in a
nonlinear medium, such as an optical fibre.
The SCG occur due to the interplay between several dispersive and nonlinear phenomena
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such as self-phase modulation (SPM), cross-phase modulation (XPM), stimulated Raman
scattering (SRS) and four wave mixing (FWM).
The SCG may find several applications, namely in biomedical optics where it allows the
improvement of the resolution of optical coherence tomography [80], in optical frequency
metrology [80, 98], in all forms of spectroscopy [80], and as a multiwavelength source in the
telecommunications [73][31, chapt. 14][101].
In this effect, the properties of the pump light pulse such as incident wavelength, peak
power, and temporal width can contribute to the relative importance of these nonlinear
phenomena. In addition, the fibre’s dispersive characteristics also have an important role.
In order to enhance the supercontinnum generation in optical fibres, it is possible to
increase the nonlinearity by decreasing the effective mode area, by adjusting the fibre’s design,
or by using highly nonlinear glasses in the composition of the fibre’s core.
The SCG can be observed in two main regimes: i) shorter pulses with femto-second
durations, and ii) longer pulses with pico-, and nano-second pulses, as well as with continuous
wave (CW) light. On another hand, regarding the dispersion regime, SCG can be observed
in the normal or in the anomalous dispersion pumping regimes.
In the femto-second pumping regime at the anomalous dispersion, the SCG presents the
characteristics of soliton dynamics. The higher order solitons are unstable in the presence
of higher order dispersion terms or stimulated Raman scattering (SRS) effect, occurring the
soliton fission.
In particular, SCG was observed with mode-locked Ti:saphire lasers (tunnable from red to
infrared light), mode-locked krypton ion lasers at 647nm and frequency doubled Nd3+-based
lasers at 532nm, in tappered silica fibres with core diameters sufficiently reduced [91].
2.4 Summary
In this chapter we have presented the theoretical background about guided light propa-
gation, in particular in MOFs. We have studied the different light guidance mechanisms that
occur in SC-MOFs and HC-MOFs. In SC-MOFs we have the so-called modified total internal
reflection effect, whereas in HC-MOFs we have the bandgaps effect or low density of states
(DOS) in the cladding.
In order to observe the modified TIR effect, the core’s refractive index must be higher
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than the cladding’s average refractive index. In order to observe the photonic bandgaps or
low DOS the structure of the cladding must have a periodic pattern that leads to light being
forbidden (or almost forbidden) in the cladding in a certain frequency band: the light cannot
propagate through the cladding, but can propagate through the core that is a defect on the
cladding structure, and thus it is core guided.
We have presented various designs for SC-MOFs and HC-MOFs, from which we can
choose for each application.
Then, we have proceeded to the derivation of the equations for finding the propagation
modes in fibres, Eqs. 2.17-2.18, and for describing the propagation of pulses, Eq. (2.24).
For deriving Eqs. 2.17-2.18 we have assumed that the cross section is constant in all the
longitudinal direction of the fibre, and that the response is linear. For deriving Eq. (2.24)
we took into account the fibre nonlinearity and we obtained an equation for the evolution of
a slowly varying envelope of the electric field.
We then described some linear and nonlinear effects that can occur in MOFs. We also
described conditions for the existence of solitons and their properties. Finally, we addressed
the characteristics of SCG which will be investigated in this thesis for some MOFs.
31
32
3MODELLING AND SIMULATION METHODS
The study of the properties of light propagation in microstructured optical fibres is stron-
gly dependent on the usage of numerical tools. Due to the complex patterns of the refractive
index of MOFs there are no analytical solutions in most of the cases. However, using nume-
rical methods for solving the equations presented in the previous chapter we are able to find
the propagation properties of different types of MOFs.
In this chapter we are going to discuss our numerical methods for the study of light pro-
pagation in MOFs. We will introduce the Comsol models developed for this purpose, the
Matlab code, and the MIT photonic bands (MPB) software. With Comsol we find the pro-
pagation modes in MOFs including mode-field distributions, propagation constants, effective
area, and dispersion in a range of wavelengths. With Matlab we simulate the propagation of
light in MOFs with the properties previously determined with Comsol. With MPB we study
the photonic bands of the cladding of MOFs that consist of photonic crystals.
3.1 Numerical methods for light propagation in fibres
In this section, we enumerate some methods used to study the propagation of light in
optical fibres, especially for MOFs. Those methods are effective index, localized function
expansion, plane wave expansion, multipole expansion, finite-difference time domain, finite-
difference frequency domain, and beam propagation methods.
In the effective index method, the MOF is approximated as a step-index fibre. The
method allows a quick estimate of the properties of the fibre, but it is not very accurate.
In expansion methods, the structure of the field is studied by considering a sum of periodic
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functions: In the localized functions expansion methods, an expansion of the electromagnetic
field is done over a theoretically infinite number of Hermite polynomials. In the plane-wave
expansion methods, the simulations are done by operating in the reciprocal space of a periodic
lattice. This method is particularly useful for finding the band structures of photonic crystals
and hollow-core MOFs. In the multipole expansion methods, the electric field is described
as Fourier-expansions - this method is well suited for symmetrical structures with circular
holes.
The finite element methods (FEMs) are all-purpose methods [119] and can be used for
any geometry, however they are computationally high intensive. FEMs use a discretization of
the problem, and approximate the equations that express the system with numerical model
equations.
In finite difference time domain methods and finite difference frequency domain methods,
Maxwell’s equations are solved in order to find the propagation modes in waveguides. The
beam propagation methods (BPMs) are a subclass of finite difference methods. In a BPM, the
fibre length is divided into small discrete steps and the evolution is done in short simulation
steps, which can be fixed or adaptative. For each step, the simulation is carried out by solving
an equation derived from Maxwell’s equations, such as the generalized nonlinear Schro¨dinger
equation (GNLSE) - Eq. (2.24).
3.2 Modelling and simulation: programs
In order to study the time-independent properties we have used Comsol multiphysics
software v4.2/5.1 [120], and MIT photonic bands (MPB) software [121] for achieving different
but consistent results.
With Comsol multiphysics it is used the finite elements method. In practice, in Comsol
multiphysics, the 2D cross-section of the fibre is divided into a mesh; the master equation,
Eq. (2.17), is then solved applying scattering boundary conditions to determine the propaga-
tion modes: the propagation constant, the electric-field distribution, and the magnetic-field
distribution.
With MPB software we can study periodic 2D photonic crystals in order to find their
photonic bands. In MPB the fibre cladding is designed as a photonic crystal consisting of
a unit cell and with a specific periodicity; then, the master equation, Eq. (2.17), is solved
using periodic boundary conditions. With our MPB implementations the output consists on
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the matrices with the photonic bands, and in addition the arrays with the density of states
data.
Then for studying the nonlinear propagation we use a pseudo-spectral beam propagation
method based on the one given in ref. [26]. For this purpose we have used Matlab (as well
as C++).
3.2.1 Comsol multiphysics and livelinkTM
With Comsol, our calculations of the propagation modes follow the following steps: set-up
the model’s parameters; create the geometry; add the materials; generate the mesh; set up
the physics; find the solutions; and post-analyse the data.
In Comsol models for MOFs a very important input is the refractive index and how it
varies with the spatial coordinates and with the wavelength: n(λ, r). We shall include the
geometry’s parameters in the model; we can also calculate parameters given by the result
of functions, such as the refractive index, n(λ), of the fibre’s core and the fibre’s cladding
materials, which is computed using the Sellmeier expression.
In order to draw the geometry’s components, graphical operations and/or mathematical
functions may be used. Amongst the possible methods for drawing fibre components we can
define basic figures (such as circles, squares, etc.), and we can do graphical operations (such
as forming arrays of figures, doing unions, or intersections, etc.). In addition, for drawing
complex designs such as the LS-MOF, or even the simple air suspended core fibre, it is
possible to define parametric curves delimiting each zone (Fig. 3.1).
Fig. 3.1: Schematic figure with parametric curves for the drawing of an air-suspended core
fibre.
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Fig. 3.2: The mesh used in this work for a layered spiral MOF (LS-MOF), with triangular
sub-regions.
We may use the materials of the Comsol libraries; however, it is better to define our own
materials, and associate to them refractive indexes that depend on the wavelength, n(λ),
which is not generally the case in Comsol libraries. The only input for the master equation
is indeed n(λ, r), and for HC-MOFs filled with gases we can also add the pressure and the
temperature dependences of the refractive index.
We usually used a user-defined mesh, choosing a finer mesh for the core such as the “extra-
fine”, and a coarser mesh for the cladding. In geometries with many details, if their design is
not in the form of a xy grid, as it is the case of our MOF designs, then the triangular meshes
are often recommended. In Fig. 3.2, we observe an example with a fibre whose mesh was
considered as a triangular mesh - in this case a LS-MOF (layered spiral MOF) was assumed.
Then, we choose to solve the master equation using the study step of “mode analysis” for
electromagnetic waves; additionally, we add scattering boundary conditions.
In order to find the solutions, we have to give the program an initial guess of neff, which
we do through the parameter of “search for modes around”. For the first computed modes
we can insert the ncore as that initial guess, which works well for SC-MOFs. However if HC-
MOFs are studied using that initial guess, then the computing time will be very large and the
output for a particular wavelength will contain confined solutions (i.e. the two orthogonal
fundamental modes), and non confined solutions. Therefore, in order to increase the time
performance and to dynamically choose the fundamental mode for each wavelength, we use
Comsol livelinkTM for Matlab: we export the model made with Comsol to a file with the
extension ”.m”, in which we can make editions or add our own code to the model; then
we run the final code with the Comsol livelinkTM and Matlab. In our simulations, we have
36
Fig. 3.3: The fundamental mode at λ=790nm of an HC-MOF, r/a = 0.47, and a = 1.7λ.
defined the parameter of “search for modes around” as:
search for modes around = nHC − (nHC, neighbour − neff, neighbour), (3.1)
where nHC and nHC, neighbour are the refractive indexes of the hollow-core at the actual and
the previous wavelengths respectively, and neff, neighbour is the neff of the computed mode at
the previous wavelength. In addition, a matrix with representative points of the electric-field,
efield(x, y), for each found mode is analysed: the fundamental mode is selected by choosing the
mode whose max(efield(x, y)) occurs closest to the origin, where the centre of the fibre core
is located. In addition, if the radius of the points with maximum electric-field, rmax{efield},
is the same for different modes we select the mode with the smallest effective mode area.
The output is one mode for each λ, consisting in a efield(x,y) distribution.
Fig. 3.3 shows the optical field distribution of the fundamental mode, for a fibre with
radius of holes r, and pitch a. We observe that the mode is confined in the core, thus the
light can be guided through the fibre’s core.
3.2.2 Matlab /C++
In order to solve the GNLSE, we use a pseudo-spectral method that is a modified version
of the freely-available beam propagation method presented in ref. [26, chapt. 3].
For that purpose, we re-write the GNLSE, Eq. (2.24), in the frequency domain:
∂u˜(z, ω)
∂z
− i
[
β − βc − β1(ω − ω0) + α(ω)
2
]
u˜(z, ω) =
= iγ
(
1 +
∆ω
ω0
)
F
{
u(z, τ)
∫ τ
−∞
R(τ ′)|u(z, τ − τ ′)|2dτ ′
}
,
(3.2)
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where u˜ is the Fourier transform of u, and F denotes the Fourier transform. Eq.(3.2) is
theoretically identical to Eq. (2.24) for an infinite number of βk terms. However, solving Eq.
(3.2) is more accurate than solving Eq. (2.24) for a finite number of βk terms. The adopted
pseudo-spectral method requires that the GNLSE be in the form of an ordinary differential
equation. For that purpose we multiply all the terms by e−lˆz where lˆ is a linear operator
given by lˆ = i[β − βc − β1(ω − ω0)], so that we can recognize the derivative of a product and
we can rewrite Eq. (3.2) in the form:
∂
∂z
[
u˜(z)e−lˆz
]
= v˜(z)e−lˆz, (3.3)
where we have defined v(z, t) = iγ
(
1 + ∆ωω0
)(
u(z, t)
∫ t
−∞R(t
′)|u(z, t− t′)|2dt′
)
, and u˜ and v˜
denote Fourier transforms.
Eq. (3.3) can be solved by ordinary differential equation (ODE) techniques, since it is
mathematically in the form of a ODE in z for u˜(z)e−lˆz.
In order to solve Eq. (3.3) we make the following steps:
- 1. do the Fourier transform of u and of v at z0 = 0;
- 2. solve the ordinary differential Eq. (3.3), by a initial value method, getting u˜ = F{u},
at z = zj ;
- 3. come back to the initial domain, doing inverse Fourier transforms, obtaining u and v
at z = zj ;
- then, the steps 1-3 are repeated until the program reaches z = zfinal.
We have implemented additional features such as the inclusion of random noise, the usage
of different types of dispersion definitions, admitting the existence of a pressure gradient, the
computation of photon number, X-FROG traces, and coherence. We have implemented from
source the main parts with C++, because C++ is faster and can be run from our computers
network.
Initially, we start by defining our time grid points, which shall be high enough to give
high-precision results, but not too high for not consuming to much cpu-time or cpu-memory.
In order to verify the stability of the precision of the code for different input time-grids and
z-steps for each model, the conservation of photon number was analysed: we have selected
results in which the photon number variation was only of ≤ 0.1%, such as in Figs. 3.4-3.5. In
these figures, the fibre’s parameters were core diameter df=40µm with kagome´ pattern, and
the considered laser has a sech shape with FWHM of 40fs, energy of 10µJ, λ=0.790µm. The
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Fig. 3.4: Pulse propagation along a HC-MOF filled with 40bar of argon, and the numerical
photon number evolution along the fibre.
Fig. 3.5: Pulse propagation along a HC-MOF filled with 40bar of helium, and the numerical
photon number evolution along the fibre.
fibre’s core was filled with a noble gas (in the 1st case argon, and in the 2nd case helium,
both with 40bar). The conservation of the photon number corresponds to a conservation of
energy, where the photon number is given by:
#p(z) =
n∑
i=1
|u(t)i|2∆t (3.4)
and the variation of the photon number in percentage along the time t is the quotient:
#p(z)% =
#p(z)
#p(z = 0)
× 100.0% (3.5)
The input pulse is described by three main parameters: the full width at half maximum
(FWHM), the energy, and its central wavelength, as well as by a specific shape. In our
simulations we have used an hyperbolic secant as the input pulse shape, with the optional
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addition of random noise.
The input profile of a perfect laser could be a hyperbolic secant function, or a Gaussian
function, etc. However in practice, the pulse profile contains some noise, which deviates itself
from the pure form.
For a hyperbolic secant input pulse, given by: a =
√
ppeaksech(t/t0), we have that the
input in practice is of the form:
a =
√
ppeaksech(t/t0) + fnoise, (3.6)
where ppeak is the peak power of input, t0 is the pulse width, with t0=FWHM/1.762747, and
fnoise is the function that describes the noise.
For adding the quantum noise, it is first considered that the photon number follows a
Poissonian distribution with mean 〈n〉 and standard deviation √〈n〉 [68, chapt. 5]. The
normalized complex amplitude of the optical field, a, is the square root of power, thus a(i)
at each temporal mesh point i and n(i) are related by:
a(i) =
√
p(i) =
√
n(i)hc/(dtλ0) (3.7)
where p is the power, h is the Plank’s constant, c is the speed of light in the vacuum, λ0 is
the centre wavelength, and dt is the time step of integration.
The square root of a Poissonian variable has a Gaussian distribution with standard devi-
ation equal to one-half; hence, after some calculations, the following result for the quantum
noise is obtained:
fnoise =
1
2
√
hc/(dtλ0)randn(), (3.8)
where randn() is a vector with dimension 1×n, containing pseudo-random values drawn from
the standard normal distribution (which has mean at 0 and standard deviation equal to 1).
An example of an input pulse described by this approach is presented in Fig. 3.6, without
and with quantum noise.
The coherence results show the sensitivity of the output due to differences in the input
pulses due to random noise. The coherence of the pulse spectrum at the position z, g(1)(λ, z),
is computed according to the following definition [24]:
g(1)(λ, z) =
| 〈E∗a(λ, z)Eb(λ, z)〉 |√〈|Ea(λ, z)|2〉 〈|Eb(λ, z)|2〉 (3.9)
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Fig. 3.6: Input profile, with and without quantum noise.
where Ea and Eb denote two outputs resulting from two independently generated inputs with
random noise, and the angle brackets denote an average over a set of pairs. The coherence of
light propagation profiles depends upon the relationship between the conditions of different
pairs of events where the differences are due to the input random noise.
Before the propagation simulations, we have to obtain the fibre properties: effective area,
dispersion, fibre length, and losses. The effective area is computed from the Comsol results.
We have introduced the dispersion through three alternative methods: i) a Taylor series for
β accordingly to Eq. (2.29), ii) a fit to Comsol data with standard matlab routines, and iii) a
theoretical formula for models such as the kagome´ filled with gases whose dispersion depends
on pressure. When the Raman related effects are relevant (i.e. for most of the cases, except
for noble gases) we need to introduce the Raman response of the fibre’s core filling material.
We then proceed by solving the GNLSE through Eq. (3.3). We have used two methods
for solving this problem: i) the ode45() routine of Matlab which has an adaptative step size,
and ii) the RK4 method with a fixed step size. The ode45() method has the advantage of
adapting the step-size by checking during the computations which is the best step-size to
ensure the desired accuracy, however it has a more unpredictable running time compared to
the RK4; RK4 has a more predictable and stable running time than ode45(), due to its fixed
conditions such as the step-size and orders of the equations (4th order), and with RK4 we
can have more insight on what are the numerical settings used in our simulated cases, since
the details are manually specified by us; in fact, for the same running time usually ode45() is
more accurate since it automatically distributes the spent time according to each step of the
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problem but we cannot know the total running time before running the problem; with RK4
we can achieve also identical results by changing the value of the step which is maintained
through all the problem, but it can be more slow.
Finally, we plot our final graphs: the spectral intensity along z, the temporal profile along
z, the coherence, and the X-FROG traces.
3.2.3 MPB - MIT photonic bands
In order to study the properties of a photonic crystal, i.e. a medium with a certain
periodicity in the distribution of the electric permittivity, we can use the MPB - MIT photonic
bands, a software developed in MIT with an interface with the Scheme (or Python) language1.
The fibre’s cladding of a hollow core MOF is an instance of a photonic crystal since it
is periodic, and therefore it can be analysed with MPB software. In fact, the periodicity of
those fibres’ cladding is the key factor that leads to light guidance in the fibre’s core material.
In order to study a photonic crystal we can analyse its unit cell, and use periodic boundary
conditions. In fact the HC-MOFs studied in this work include the hexagonal HC-MOF (also
called honeycomb HC-MOF), and the kagome´ HC-MOF, which have an unit cell in the form
of a hexagon, because the smallest region that is periodically repeated along the material with
the maximum number of symmetrical operations is a hexagon. The design of the unit cell
must be described using a vector basis that is not the usual Cartesian basis. The primitive
cell of a hexagonal lattice has specific primitive vectors, ai.
Fig. 3.7.a) shows the unit cell built on the primitive space of a kagome´ lattice and/or a
hexagonal lattice, where the primitive lattice vectors are a1 =
(√
3
2 ,
1
2
)
, and a2 =
(√
3
2 ,−12
)
.
Thus, the normalised Cartesian base vectors may be written with respect to a1 and a2 by:
ex =
1√
3
a1 +
1√
3
a2, and ey = a1 − a2. From the primitive lattice vectors we can deduce
which are the reciprocal lattice vectors (appendix A.5), by the relation:
.
Thus, for the hexagonal unit cell the resulting reciprocal lattice vectors are: b1 =
(
1
2 ,
√
3
2
)
,
and b2 =
(
1
2 ,−
√
3
2
)
[Fig. 3.7.b)]. The points Γ, M, and K form the polygonal line Γ-M-K-Γ
1Recently an interface with a more user-friendly language, i.e. the Python language, was released, at
2018/06/08.
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a) b)
Fig. 3.7: a) The unit cell of a HC-MOF with hexagonal lattice in the real space; b) the unit
cell of a HC-MOF with hexagonal lattice in the reciprocal space.
which delimits the shading sub-region of that cell – the so called irreducible Brillouin zone,
i.e. a sub-zone which contains all the information that is repeated in the other sub-zones of
the cell [54] [Fig. 3.7.b)].
We define the main k-points of the system (i.e. Γ, M, and K) with the command “set!
k-points()”, in MPB. If we consider a hexagonal lattice, those k-points in the basis bi are:
Γ = (0, 0)
M = (0, 0.5)
K = (−1/3, 1/3)
and we also define a set of points all of them in the boundary of the irreducible Brillouin
zone.
Within the MPB, after defining the unit cell’s basis vectors, we design the structure of
the unit cell and the dielectric permittivity of each region. Then, for a list of k-points in
the boundaries of the irreducible Brillouin zone, we compute the photonic levels. This is
done by computing the photonic bands of two distinct types of polarization: the transverse
electric (TE) modes, for which the electric-field is parallel to the xy plane, and the transverse
magnetic (TM) modes, for which the magnetic field is parallel to the xy plane. The TE and
TM bands can be shown separately [Fig. 3.9.a)-b)], or superimposed [Fig. 3.9.b)].
The graphs presented in Fig. 3.9 were obtained by reproducing a case study of the
MPB data analysis tutorial [121, MPB-website], searching for modes that have kz = 0. The
graphs represent the frequency f normalized by a factor versus the (kx, ky) along the line
that delimits the irreducible Brillouin zone. In the diagram of TM bands, gaps from f=0.275
to f=0.446 are noticeable, as well as from f=0.564 to f=0593; on the other hand, in the
diagram of TE bands a small gap from f=0.822 to f=0.864 exists.
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Fig. 3.8: Scheme of a photonic crystal with rod radius r, and lattice period a.
a) b) c)
Fig. 3.9: a) Transverse magnetic (TM) bands; b) transverse electric (TE) bands; c) su-
perposition of TM and TE bands for kz = 0. The photonic crystal considered here is the
one represented in Fig. 3.8 with r/a=0.2, and refractive index of the rods n=3.46, in air for
kz = 0.
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The photonic band structures for HC-MOFs which we are interested in are the ones
corresponding to non-zero values for kz, since those are the modes that may couple with
the usual propagation modes in the core. For a given kz, all the propagation modes can be
classified into a superposition of two distinct types of polarization: the TE modes, and the
TM modes.
We can then generalize the previous model to include modes with nonzero kz. We set the
main k-points as triplets:
Γ = (0, 0, kzMPB)
M = (0, 0.5, kzMPB)
K = (−1/3, 1/3, kzMPB)
where kzMPB is the adimensional kz given by:
kzMPB = kz
a
2pi
. (3.10)
We can then obtain the photonic bands for the cladding of a HC-MOF for various distinct
kz as shown in Fig. 3.10. In Fig. 3.10.a), the total bands correspond to a superposition of
both the TE and TM bands.
From photonic bands data, for various kz, such as the set represented in Fig. 3.10.a),
we can compute the projected bandgaps or the density of states (DOS) of that fibre’s lattice
as is explained schematically in the same figure. For computing the bandgaps, for each kz
we determine the minimum and maximum frequency of each band; the band indicates the
frequency range at which there are TE or TM states. In Fig. 3.10.b)-c) we observe the
projected bandgaps and the DOS for kz in the range {0.0, 3.0 2pi/a}. In Fig. 3.10.b), black
regions represent the bandgaps and the white regions represent bands of allowed states in the
fibre’s cladding. This type of graph is called the projected bandgaps diagram.
There is a MPB routine which uses the previously computed data to compute the density
of states (DOS), at a particular point (kz, f). The density of states is computed by summing
Gaussian smoothing functions centered at each k-point for each particular frequency value.
For each pair (kz, f) there is a DOS value, which is plotted in Fig. 3.11, where we observe
the DOS values for a hexagonal hollow core fibre, at some specific kz. In Fig. 3.11 we observe
that there are two regions for which the density of states is zero: the 1st zone at bottom due
to the material line, and a 2nd at the middle that corresponds to the bandgap in Fig. 3.10.
Then, by varying kz we can obtain the data that produce Fig. 3.10.c), where black regions
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Fig. 3.10: a) left: photonic bands (both TE and TM) for a hexagonal lattice with circular
air rods and silica glass, with r/a=0.47, for kza/(2pi)=1.7; b) top-right: projected bandgaps
diagram for the same conditions; c) bottom-right: DOS graph for the same conditions.
correspond to forbidden states (i.e. DOS=0), and gray to white regions correspond to low
and high DOS 6= 0, respectively.
In order to find the regions of photonic bandgap guidance, we must search for graph’s zones
at which light states are allowed in the core and simultaneously forbidden in the cladding.
If the core is filled with a material having refractive index n, the allowed states in it should
have a frequency larger than:
ω =
c
n
kz. (3.11)
In the case of air, this line is called the air line, and it is represented in Fig. 3.10.b) by
a dashed line. For noble gases, since n ≈ 1, this line is approximately the same as the air
line. For any confined mode that propagates in the core filled with air its frequency should
be inside a bandgap of the cladding and above the air line.
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Fig. 3.11: Normalized density of states for kza/(2pi)=1.7.
3.3 Summary
The structure of microstructured optical fibres makes the problem of finding their mo-
des more complicated than that of standard single mode fibres, and thus numerical methods
are necessary. For that purpose we have used a commercial software, Comsol multiphysics,
applying the procedure described in this chapter. To solve the GNLSE in order to find the
evolution of a pulse propagating along the fibre we used a pseudo-spectral method imple-
mented in Matlab using: the ode45() routine with an adaptative step-size, and a 4th order
Runge-Kutta method, RK4() [88], with a fixed step-size. The photon number was computed
in order to check for pulse propagation conditions with the desired accuracy. In order to
obtain the photonic bands of the fibre’s cladding, we used the MIT photonic bands (MPB)
software applying a procedure also described in this chapter.
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4NONLINEAR EFFECTS IN MICROSTRUCTURED OPTICAL
FIBRES
In this chapter, we will see that by changing the fibre’s design we can change its dis-
persive and nonlinear characteristics even without changing the materials, in particular at
telecommunication wavelengths. We will describe different SC-MOFs in terms of dispersion
and nonlinearity. In particular, we will study the layered spiral microstructured optical fibre
(LS-MOF), with which we can have a very high nonlinearity.
In this chapter, we will also explore nonlinear effects in HC-MOFs, especially nonlinear
light propagation that gives rise to supercontinuum generation or UV light generation. We
will study the honeycomb fibre and then we will extensively analyse the HC-kagome´ fibre.
4.1 Solid-core microstructured optical fibres
The SC-MOFs include a wide range of models, as presented in chapt. 2. Here, we will
focus on the hexagonal SC-MOF and on the layered spiral SC-MOF. We will observe that
by changing the geometry of the fibre, the dispersion can be adjusted, and the nonlinear
effects can be reduced or increased. The layered spiral SC-MOF is a model with which we
achieve the goal of combining adjustable dispersion and high nonlinearity. We will observe
SCG in those fibres at various pumping wavelengths, and we will in particular adjust the
fibre’s properties for light propagation at 1.55µm.
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4.1.1 SC-fibres properties
An hexagonal SC-MOF is a fibre such as the one represented in Fig. 4.1, whose parameters
are the hole’s diameter, d, and the hole pitch, Λ. The cores’s diameter corresponding to this
fibre’s design is 2Λ− d. Throughout this work we have considered that the core radius value
of a MOF is approximately equal to the value of the radius of the circle inscribed on the
fibre’s core. We will show that the properties of SC-MOFs can be adjusted by changing the
characteristic parameters of those fibres.
Fig. 4.1: Design of a hexagonal HC-MOF, with the indication of its two main parameters:
d: the holes diameter, and Λ: the holes pitch.
We need to describe the distribution of the refractive index, n, in the transverse section
of the fibre to obtain the fibre’s properties. In particular, in the following the refractive index
of silica, nSiO2, was calculated with a Sellmeier equation (appendix A.3)[31, chapt. 2]:
n =
√√√√1 +∑
j
ajλ2
λ2 − bj . (4.1)
For the silica material the coefficients taken correspond to 3 terms: a1=0.6965325, a2=0.4083099,
a3=0.8968766, b1=0.004368309, b2=0.01394999, and b3=97.93399, [82, chapt. 3]. For the
SF57 glass, the coefficients were taken from ref. [122]. For the arsenic trisulfide, the coeffici-
ents were taken from ref. [107].
We have studied the effect of changing the two parameters of the hexagonal SC-MOF.
Figs. 4.2-4.3 show that we can vary the dispersion and the effective mode area by changing
the pitch or the holes diameter. We note the possibilities of achieving two zeros of dispersion
or a flat dispersion. In particular, for a fixed Λ, by increasing d/Λ the effective mode area is
lower since the air filling fraction of the cladding increases; however, the dispersion tends to
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a) b)
Fig. 4.2: Dispersion curves (a), and effective mode area (b) for various fibre parameters:
pitch, Λ, and holes diameter, d.
Fig. 4.3: Dispersion curves for two different microstructured fibers with a hexagonal pattern
of holes, with distinct hole’s diameter, d, and distinct hole’s pitch, Λ.
increase in these conditions. In addition, it can be noted that the conditions for flat dispersion
correspond to a higher effective mode area. This is due to the fact that for achieving flat
dispersion it is necessary a small contrast between the refractive indices of the cladding and
of the core, whereas for achieving high nonlinearity that contrast shall be high.
In order to obtain a flat dispersion profile it is possible to adjust the radius of the fibre’s
holes. We have achieved a very flat dispersion curve, as shown in Fig. 4.4. The considered
fibre has different holes diameters for each fibre’s cladding ring around the core, with values
as suggested in ref. [95]: from inside to outside, the diameters are d1=0.47µm, d2=0.71µm,
d3=0.74µm, d4=0.62µm, d5=... =d10=0.65µm, and the hole pitch is 1.60µm. The dispersion
profile of this fibre has values between 0.0 and 0.3ps/(km.nm), in the wavelength range from
1.41µm to 1.68µm. This is very good for some types of applications, for example to implement
devices to realize optical signal processing based on four wave mixing effect. However, the
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Fig. 4.4: Dispersion curve for a flat profile with the hole diameters with different diameters,
whose values are given in the text.
Fig. 4.5: SEM image of a air suspended core fibre, after ref. [28]
effective mode area is not adjusted simultaneously so that the nonlinear parameter is relatively
low.
For comparison purposes we will analyse the air suspended core (ASC) fibre, whose design
can be seen on Figs. 4.5, 4.6. The scanning electron microscopy (SEM) image of an air-
suspended core (ASC) fibre [28] is presented in Fig. 4.5. The fundamental modes for two
ASC fibres can be seen in Fig. 4.6, where in a) the fibre is composed by arsenic trisulfide
(n=2.437) and air, and in b) the fibre is composed by SF57 (n=1.802) and air.
The differences between cases a) and b) are due to the different index contrast between the
core materials, arsenic trisulfide vs SF57, and the cladding material, air. When the refractive
index contrast between ncore and avg(ncladding) is higher the mode is more confined in the
fibre’s core. In Fig. 4.6, the effective refractive index obtained in our simulations for arsenic
trisulfide was neff=2.157, whereas for SF57 the value was neff=1.326.
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Fig. 4.6: The fundamental propagation mode for ASC fibres, at 1.550µm, with core radius
rco = 0.4µm for: a fibre composed by arsenic trisulfide and air, and a fibre composed by SF57
glass and air.
Fig. 4.7: The effective mode area, at 1.55 µm, as a function of the fibre’s core diameter:
the continuous traces are for SC-MOFs with different parameters; the dashed trace is for a
JASR; the fibres considered here are all composed by silica and air.
The ASC fibres are amongst the fibres with highest nonlinearity. These fibres, provide
a high contrast between the refractive index of the fibre’s core and of the fibre’s cladding,
that together with a small core area lead to a high nonlinear parameter. However ASC fibres
do not permit a flexible tailoring of the dispersion because their microstructred design is
relatively simple. For a jacket air suspended rod (JASR) fibre, which is a step-index fibre
with glass in the core and air in the cladding, when composed by a silica core the value of
fibre’s core diameter that leads to minimum aeff is of approximately 1.20µm, for λ=1.55µm
[33, 35] (see Fig. 4.7).
In particular, the dispersion of ASC fibres composed by different solid-core materials such
as the arsenic trisulfide glass and the SF57 glass, which are highly nonlinear materials, are
shown in Fig. 4.8. We observe the transition from anomalous dispersion to normal dispersion
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Fig. 4.8: The dispersion for ASC fibres, for: a) fibre composed by arsenic trisulfide and air;
b) fibre composed by SF57 glass and air, with dcore=3.4µm.
for wavelengths at the middle of the graph: for the considered ASC fibre with arsenic trisulfide
the ZDW is at 2.40µm, whereas with SF57 the ZDW is at 1.46µm.
We have studied the effect of changing the two parameters of the hexagonal SC-MOF. We
have observed that for intermediate values with pitch and wavelength of the same magnitude
(i.e. λ ≈1.55µm) the effective mode area can be minimized, as shown in Fig. 4.7. In this
figure, we include the properties of two types of fibres: the hexagonal SC-MOF, and the
jacker air suspended rod (JASR). By varying the radius of the JASR or by varying the pitch
of a hexagonal SC-MOF we note that there is a minimum value for the modal radius; in
addition the modal radius decreases when we have a higher ratio for d/Λ. In the region of
the minimum modal radius, the nonlinear effects are stronger. The region of the dcore at
each side of the graph are well-suited for different applications: the left-side for sensors, the
middle-side for nonlinear effects and generation of signals, and the right-side for transmission.
With the aim of creating a highly nonlinear medium we have proposed a new fibre design
that we have called the layered spiral microstructured optical fibre (LS-MOF) [92]. The
transversal section of the LS-MOF is shown in Fig. 4.9. In this design, there is one turn of
an equiangular spiral given by:
r(θ) = aebθ (4.2)
with a = ri and b = log(rf/ri)/2pi, which limits the core of the MOF. Its enclosed circle has
a radius equal to ri, which is here used as a measure of the core size. The cladding consists
of several turns of solid regions confined in between two Archimedean spirals given by:
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Fig. 4.9: LS-MOF design, where the grey regions correspond to glass, and the white regions
to air; its three main parameters are dair, ∆, and ri (see the text for details).
rin(θ) = rf + ∆θ/(2pi), θ ∈ [0, (n− 1)2pi];
rout(θ) = ri + ∆θ/(2pi), θ ∈ [0, n2pi];
(4.3)
where n is the number of layers. The parameter ∆ represents the spatial period of the
air/solid layers on the cladding. The LS-MOF structure will be parametrized by ri, ∆, and
by the relative air layer thickness, dair/∆, where dair = ∆− (rf − ri). The quantity dair/∆
corresponds to the cladding’s percentage of air.
By manipulating the location of glass strands in the LS-MOF, we may mainly control
the dispersive properties; by adjusting the thickness of these strands we change significantly
both the dispersive and the nonlinear properties of the fibre. This geometry has an important
limiting case, when dair/∆→ 1 which corresponds to a fibre with 100% air filling fraction in
the cladding that allows a particularly high nonlinear parameter. In addition, the radius of
the fibre’s core is another parameter which can be adjusted independently.
With a careful adjustment of the LS-MOF parameters we have found a zero dispersion at
1.546µm, for ri=0.6µm, dair/∆=0.7 and ∆=1.0µm, as discussed in ref. [92]. In addition, we
have achieved a zero dispersion with a vanishing first derivative near 0.650µm for ri=0.3µm,
dair/∆=0.7 and ∆=0.6µm. The dispersion and effective mode area in these situations are
shown in Fig. 4.10, where the circle corresponds to the zero dispersion point. The mode field
profile at λ=1.55µm is given in Fig. 4.11.
We have made a computational analysis of the LS-MOF for finding conditions for ZDWs
at 1.55µm. The Table 4.1 summarizes our results. We have chosen ri = 0.6µm in order to
minimize the effective mode area. Then, for each air filing fraction, we vary the ∆ parameter
which manipulates the distribution of the regions of air and silica, and consequently vary
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a)
b)
Fig. 4.10: a) Dispersion curves, b) effective mode area, for the LS-MOF with the indicated
parameters
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Fig. 4.11: Mode field profile of the fundamental propagation mode for a LS-MOF, composed
by silica and air, at 1.55µm, with ri=0.6µm, dair/∆=0.7, and ∆=1.01µm, at which the
dispersion is zero.
the dispersion. Zero dispersion cases were obtained for the parameters in the 1st column;
in the 6th row, for AFF=90.0%, we achieve a nonlinear parameter of 70.0W−1km−1, with
simultaneously zero dispersion.
In addition, we have also studied the LS-MOF composed by arsenic trisulfide and air in
order to achieve an adequate dispersive curve and a high nonlinear parameter. The ideal
value of ri is related to the properties of a JASR, which corresponds to the theoretical limit
of a LS-MOF when dair/∆ → 1. Fig. 4.12 shows the dependence of the effective mode
area and group velocity dispersion with the core radius of an arsenic trisulfide JASR, for
λ = 1.55µm. We see that the minimum aeff is achieved for ri = 0.32µm. However, at this
value of ri the GVD is very high, so we have chosen ri = 0.40µm in order to obtain a lower
value of dispersion, despite its slight deviation from the minimum of aeff.
For dair/∆ we have chosen a value of 0.9, which is a value that is close to the maximum
air filling fraction (AFF), but it still has the strands that support the core and allow the
adjustment of the dispersion. The LS-MOF with these parameters seems feasible in practice,
in the future. Note that whenever we increase the AFF the nonlinearity becomes higher due
to the enhanced contrast between the refractive indices of the core and the cladding, leading
to a stronger confinement of the light. In addition, we have chosen a value of ∆ = 1.0µm,
with which we have anomalous dispersion at the reference wavelength of 1.550µm. Note that
by choosing other values of ∆, dair/∆ < 1.0, or ri we can change the location of the ZDWs
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Table 4.1: The results of our rigorous modelling of a LS-MOF composed by silica and air
showing dispersion, effective mode area, and nonlinear parameter at 1.55µm.
s
a)
b)
Fig. 4.12: a) Effective mode area and dispersion curves versus the core radius of a JASR,
for λ = 1.55µm, with arsenic trisulfide core; b) schemes showing the theoretical limit of a
LS-MOF when dair/∆→ 1, which is the JASR.
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Fig. 4.13: Dispersion of an LS-MOF made of arsenic trisulfide for ri = 0.4µm, ∆ = 1.0µm,
and several values of dair/∆.
of the LS-MOF.
In Fig. 4.13 we show the GVD of the LS-MOF as a function of wavelength, for several
values of dair/∆ up to the limit dair/∆ = 1, which corresponds to 100% of AFF. We see
that by increasing the air filling fraction the maximum dispersion in the anomalous region
becomes higher, due to the increased waveguide dispersion contribution determined by the
higher contrast between the refractive indices of the core and the cladding.
Fig.4.14 illustrates the nonlinear parameter, γ, as a function of frequency. In fact, we
confirm that when the air filling fraction is increased the nonlinearity of the fibre also incre-
ases. The line in Fig. 4.14 of dair/∆ = 0.9 corresponds to our choice, and the star indicates
the nonlinear parameter value γ = 50.7W−1m−1, obtained at 1.55µm. Note that this value
of the nonlinear parameter was found in the anomalous dispersion region of the fibre.
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Fig. 4.14: Nonlinear parameter, γ, of an arsenic trisulfide LS-MOF for ri = 0.4µm, ∆ =
1.0µm, and several values of dair/∆; for details about the dashed line see the text.
4.1.2 Light propagation in hexagonal fibres - SCG
In order to study the pulse propagation in SC-MOFs we start by considering a hexagonal
fibre with: d=1.4µm, Λ=1.6µm [whose dispersion profile is shown on Fig. 4.3], and a hyper-
bolic secant pulse, described by sech u(0, τ)=
√
P0sech(τ/t0) with tFWHM=1.762747t0=25fs,
P0=5kW, at λpump=790nm. This fibre has a single zero dispersion wavelength at 735nm.
The considered pumping is located in the anomalous dispersion regime, at which the so-
liton dynamics has an important role, and in those conditions the nonlinear parameter is
γ=117.0W−1km−1. For this fibre and pulse we have simulated the propagation with the full
GNLSE equation, (2.24), whose results are shown in Fig. 4.15 For the assumed pulse and
fibre parameters, the input pulse corresponds to a higher order soliton with norder=2.81, and
it has a fission distance lfiss ≈ 0.48cm (see chapt. 2). In Fig. 4.15 we observe that new
wavelengths are generated at both left- and right- hand-sides of the graph, which is due to
the interplay between several phenomena. We note the appearance of solitons for higher wa-
velengths due to the SSFS caused by IRS, as well as the appearance of wavelengths at lower
wavelengths due to the dispersive waves generation. The spectral width that is achieved can
be observed at Fig.4.15.b), whose range goes approximately from 500nm to 1100nm.
We can numerically isolate some of the involved phenomena, by eliminating some of the
terms in the GNLSE, Eq. (2.24). With that approach, we show the propagation results in
four cases: a) with only 2nd order dispersion, and SPM, b) with 2nd order dispersion, SPM,
and self-steepening (SST), c) with the presence of IRS but without higher-order dispersion,
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a)
b)
Fig. 4.15: a) Spectral and temporal pulse evolution; b) Input and output pulses with the
SCG effect, for a fibre with: d=1.4µm, Λ=1.6µm, P0=5kW, tFWHM=25fs, at λ=790nm.
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a) b)
c) d)
Fig. 4.16: Spectral and temporal evolution with partial effects for a fibre with: d=1.4µm,
Λ=1.6µm, and a pulse with: P0=5kW, tFWHM=25fs, λ=790nm - a) with only 2nd order
dispersion and SPM; b) with 2nd order dispersion, SPM, and with SST effect; c) in the
presence of IRS and SST, but without higher-order dispersion; d) with higher-order dispersion
terms and SST, but without IRS.
and with SST, and d) with higher-order dispersion terms but without IRS, and with SST.
Those results are shown in Figs. 4.16.a)-d), respectively.
In Fig. 4.16.a) we observe a periodical evolution of the pulse, since the effects included
in this simulation were only SPM and 2nd order dispersion, which act in alternate modes
leading to the observed evolution. In Fig. 4.16.b) we have considered the same effects as in
a) with the addition of the self-steepening effect. We note that with this perturbation the
soliton does not exhibit a periodic evolution. The consequences of IRS on soliton fission can
be seen in Fig. 4.16.c), where we may observe three individual pulses after the soliton fission.
The solitons created by the fission process are then red-shifted due to the Raman effect, being
called Raman solitons. The change of the soliton’s frequency leads to a bending of the soliton
trajectory in the time domain. In case of higher-order dispersion, when we neglect the IRS
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contribution (Fig. 4.16.d)), the individual solitons resulting from the fission process are not
apparent. Despite of that, the appeareance of a new spectral peak at z = lfiss is an indication
of soliton fission. In the time domain we observe the spreading of a dispersive wave which
propagates and it is separated from the main soliton. The new spectral peak present in d)
corresponds to the so-called nonsolitonic radiation (NSR), which is emitted by the solitons
in the presence of higher-order dispersion [3]. The NSR is emitted at a frequency such that
the new phase velocity matches that of the soliton. The phase matching condition is given
by[109]:
β(ω)− βc − β1[ω − ωs] = γPs/2, (4.4)
where Ps is the peak power of the fundamental soliton generated by the fission.
The frequency shift, Ω = ω − ωs, can be obtained by neglecting the fourth- and higher-
order dispersion terms, such that it is given by [31]:
Ω ≈ −3β2
β3
+
γPsβ3
3β22
. (4.5)
In the anomalous-dispersion regime we have β2 <0, and in that situation Eq. (4.5) shows
that Ω <0 when β3 <0, and Ω >0 when β3 >0. Depending on the slope of the β2 curve,
the 1st case occurs when we are close to the 1st ZDW, such that the new frequencies are
generated at the left of the spectrum; the 2nd case occurs when we are close to the 2nd ZDW,
such that the new frequencies are generated ate the right of the spectrum.
In the fibre with d=0.8µm, spaced by Λ=1µm, of Fig. 4.3, there are two ZDWs, one at
654nm and the other at 1248nm, and the GVD is anomalous in the spectral window between
them. In Fig. 4.17 we show the numerical results of pulse propagation in the anomalous
dispersion region of this fibre by pumping at 860nm using 100fs pulses with a peak power of
1kW. Here, the GVD at the pump wavelength is β2=-0.0472ps
2/m and the nonlinear para-
meter is γ=196.2W−1km−1, leading to a soliton order norder=3.66. The obtained value for
the fission length in this case is lfiss=1.32cm, which is in agreement with the pulse evolution
observed in the graph. By analysing this figure, we see that there is here a predominance of
the IRS effect. We observe the fission of the pulse into four solitons, which is in agreement
with the initial pulse order. The Raman solitons generated are different from each other, since
they have different powers and different wavelengths. The pulse with highest power is the
shortest and it is the one that suffers a larger deviation. The new wavelengths generated due
to the IRS, are deviations into higher wavelengths. In the case of this figure, around the 2nd
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Fig. 4.17: (a) Spectral and (b) temporal evolution of 100fs pulses with a peak power of 1kW,
at 860nm on a hexagonal fibre with d=0.8µm, spaced by Λ=1µm.
ZDW the β3 signal is negative, and therefore the NSR appears at the right hand-side. When
the pulse is almost reaching the region surrounding the 2nd ZDW, the detuning between the
radiation and the soliton gets smaller with the propagation, which leads to an exponential
amplification of the radiation. Then, due to the energy conservation the SSFS is cancelled,
such that the propagation of pulses in those conditions leads to the so-called recoil effect,
which is clearly observed here.
In order to compute the coherence we have used Eq. (3.9). For this purpose, we have to
do multiple runs of the pulse propagations. We must compare the differences between two
elements of each pair, and also evaluate all the pairs results, as indicated in the formula. As
much as we have more quantities of pairs, the coherence at each (x, y) point converges to its
expected value, where x is wavelength, and y is the distance across the fibre. Fig. 4.18.a)-b)
show the spectral, temporal and coherence evolution of a pulse in a hexagonal SC-MOF, with:
d=1.4µm, Λ=1.6µm, P0=5kW, λ=790nm, and: a) tFWHM=100fs; b) tFWHM=400fs. In the
case of shorter pulses, they get temporally compressed so quickly that the soliton fission
process dominates the initial dynamics. In this case, the spectral extent of the developing
supercontinuum can overlap with the frequencies of maximum modulation instability gain
before significant amplification of the noise background occurred. However, in the case of
longer pulses, modulation instability amplified noise becomes a dominant feature. Such
amplified noise is random and can induce soliton fission even before other perturbations
such as higher-order dispersive and nonlinear effects become significant. In that case, soliton
fission occurs randomly and fission products are completely incoherent.
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a)
b)
Fig. 4.18: Spectral, temporal and coherence evolution of a pulse in a hexagonal SC-MOF,
with: d=1.4µm, Λ=1.6µm, P0=5kw, λ=790nm, and: a) tFWHM=100fs; b) tFWHM=400fs.
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4.1.3 Light propagation in LS-MOFs - SCG
For enhancing the supercontinuum effect, we shall consider a pumping wavelength on the
anomalous dispersion region, or close to a ZDW at the normal dispersion region.
In Fig. 4.19.a)-b) it is illustrated the supercontinuum generation, obtained considering a
LS-MOF with the parameters ri=0.6µm, dair/∆=0.7 and ∆=1.0µm, composed by silica and
air. The corresponding curve for the dispersion is presented in Fig. 4.10, which exhibits two
zero dispersion wavelengths: one at 0.679µm, and the other at 1.546µm. The pumping was
assumed at 0.780µm (in the anomalous dispersion region), using 50fs sech pulses with a peak
power Ppeak=10kW. The corresponding nonlinear parameter has a value of 187.1W
−1km−1.
When we include the self-steepening term, in a first approximation, the parameter γ is
readjusted to:
γ → γ0
(
1 +
ω − ω0
ω0
)
. (4.6)
However, we note that the function in Eq. (4.6), which is represented in the dashed line
in Fig. 4.14 for dair/∆ = 0.9, is different from the real data. The 1st derivative of the γ
function is:
γ′ = γ0
1
ω0
= γ0τshock, (4.7)
such that τshock ≈ 1ω0 corresponds to the approximated curve in the dashed line, where ω0 is
the frequency associated with λ = 1.55µm and γ0 is the corresponding nonlinear parameter.
We can correct the τshock value in order to adjust it to the data, such that:
τshock =
F
ω0
, (4.8)
where F represents the factor between the derivative of the real curve (continuous) and the
derivative of the approximated curve (dashed). Here, we have determined that F = 1.6524.
In Fig. 4.19.c)-f) we observe the separate effects of the higher order dispersion terms and
IRS term. We note that the IRS is mainly responsible for the long-edge of new wavelengths,
whereas the higher-order dispersion is responsible for both short- and long-edges of new
wavelengths. The inclusion of both effects leads to the light propagation shown at Fig.
4.19.a)-b). In addition to the referred effects, there is also usually the occurrence of wave
mixing and cross phase modulation (XPM) which even though being weaker lead also to
spectral broadening.
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a)-b)
c)-d)
e)-f)
Fig. 4.19: Spectral and temporal evolutions of a)-b) supercontinuum generation in a LS-
MOF; c)-d) isolation of dispersion, including higher-order dispersion; e)-f) isolation of Raman;
in these cases a pump wavelength of λ=780nm, tFWHM=0.05ps, and P0=10kW were used,
and the fibre parameters are those referred in the text.
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We can notice that the spectrum is significantly broadened both to the left- and to the
right-hand sides of the pumping wavelength, extending from ∼700nm to ∼1200nm, as a result
of the soliton dynamics and dispersive wave generation. The initial pulse corresponds to a
soliton of order norder=7.1, which disintegrates under the soliton fission phenomenon. The
fundamental solitons generated in this process are subsequently red-shifted under the action
of the IRS effect.
In the following we report our studies of SCG in a LS-MOF with arsenic trisulfide and
air, with the fibre’s parameters of: ri = 0.4µm, ∆ = 1.0µm, and dair/∆ = 0.9. The Raman
effect of arsenic trisulfide was included taking into account Eq. (2.28) and the parameters of
ref. [117]: τ1=15.2fs and τ2=230.5fs.
Using a pumping wavelength of 1.06µm, which is in the normal dispersion region, we have
β2 = 0.36ps
2/m, and γ = 89.7W−1m−1. We have considered input pulses with a hyperbolic
secant shape of 0.1kW of peak power and a temporal duration of 100fs. We observe a moderate
spectral broadening in these conditions [Fig. 4.20.a)]. Despite of the high value of γ, the
conditions for the supercontinuum generation with the considered fibre at this wavelength
are not favourable since the dispersion is normal and the pump wavelength is not very close
to the ZDW.
The results in Fig. 4.20.b) were obtained considering a pumping wavelength at 1.55µm.
We observe a large spectral broadening in a very short length of fibre: 1mm. In these
conditions we have anomalous dispersion with β2 = −0.88ps2/m, a nonlinear parameter
γ = 50.7W−1m−1, for which the 0.1KW peak pulse corresponds to a soliton order of 7.6.
The characteristics of this supercontinuum are mainly determined by solitonic effects and
dispersive wave generation. Here, the soliton self frequency shift (SSFS) effect is not clearly
observable because the Raman effect is relatively weak. In this figure, the dispersive waves
appear at the left-hand side (λ = 0.450µm) and at right-hand side (λ = 3.790µm) because
we are pumping in the anomalous regime in the middle of the two ZDWs.
We have simulated also the pulse propagation for a pumping wavelength of λ = 2.50µm,
as shown in Fig. 4.20.c). In this case, we have anomalous dispersion, with β2 = −1.27ps2/m,
γ = 15.0W−1m−1, and a soliton order of 3.5 for the 0.1kW peak power. A large spectral
broadening also occurs in these conditions. In this case, the dispersive waves appear only at
the right-hand side, because of the proximity of the pump wavelength with the second ZDW.
The output spectra resulting from input pulses of different peak powers, centered at
1.55µm, propagating in a 1mm-long LS-MOF are shown in Fig. 4.21. We see that, by
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a)
b)
c)
Fig. 4.20: Supercontinuum generation in a highly nonlinear LS-MOF composed by arsenic
trisulfide and air, with fibre’s parameters ri = 0.4µm, ∆ = 1.0µm, and dair/∆ = 0.9; the
pumping pulse has a peak power of 0.1kW, pulse temporal duration of 100fs, and wavelength
of a) 1.060µm, b) 1.550µm, and c) 2.500µm.
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Fig. 4.21: Output of the supercontinuum generation in a highly nonlinear LS-MOF of 1mm,
with fibre’s parameters ri = 0.4µm, ∆ = 1.0µm, and dair/∆ = 0.9; the pumping pulse is
centered at 1.550µm with a temporal duration of 100fs, and peak power of 0.1kW (a), 0.4kW
(b), 0.7kW (c), and 1kW (d).
increasing the peak power, a flatter and wider supercontinuum is achieved, as expected. For
a pump power of 1kW, the supercontinuum extends from ∼500nm to ∼3900nm, and it is
formed at a distance of 0.3mm as seen in Fig. 4.22.
This shall be compared with the results of other authors referred in Table 4.2, which shows
supercontinuum generation data in different conditions. The main factors of these systems
are the waveguide geometry, the materials, and the input pulse characteristics (wavelength,
power, and pulse width – as well as pulse shape), which require different fibre length and lead
to different SCG bandwidth. The results of our numerical study predict a record distance for
the supercontinuum generation, due to a careful adjustment of the fibre properties and laser
pumping conditions.
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Fig. 4.22: Supercontinuum generation in a highly nonlinear LS-MOF, with the same fibre’s
parameters as in Fig. 4.20, and pulse temporal duration of 100fs, a peak power of 1kW, and
a pumping wavelength of 1.55µm.
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Table 4.2: Supercontinuum generation in highly nonlinear fibres /waveguides – input and output parameters (for references at which more
than one case were studied, we have selected the one with the shortest fibre length). refs.: [5, 22, 30, 36, 39, 40, 41, 79, 109, 116]
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4.2 Hollow-core microstructured optical fibres
The HC-MOFs include distinct geometries as presented in chapt. 2. In the following
subsections we will focus on the hexagonal HC-MOF, and on the kagome´ HC-MOF. We
will study different light propagation effects in those fibres such as the SCG and UV light
generation. We will consider hollow-core fibres filled with gases, and we will see that the
nonlinear effects can be enhanced by varying the gas pressure. In addition, we will study the
consequences of using a gas pressure gradient in the fibre’s core.
4.2.1 HC-fibres properties
In Fig. 4.23 we see a SEM picture of a HC-MOF with a hexagonal lattice, for a fibre
composed by strands of silica in the cladding and a hollow core with air, which guides light by
means of a 2-dimensional photonic bandgap. This fibre is the model HC-1550-04 from NKT
Photonics. The model of this fibre is similar to the first fabricated MOFs, for which it was
predicted the photonic bandgap effect similarly to what happens in photonic crystals [93],
but its parameters are different. In particular, the fibre of the picture has a hole diameter of
3.9µm and a hole pitch of 4.0µm. Fig. 4.23.b) shows its fundamental propagation mode at
1.55µm.
Fig. 4.23: Hexagonal lattice HC-MOF model HC-1550-04 from NKT Photonics: a) scanning
electron microscopy (SEM) image; b) fundamental propagation mode at λ=1.55µm for the
same HC-MOF, with the dimensions: hole diameter of 3.9µm and pitch of 4.0µm.
In Fig. 4.24 we show the density of states (DOS) of a standard HC-MOF with d/Λ=0.9,
obtained with MPB software as explained in chapt. 3. In both these scenarios we vary the
73
a)
b)
Fig. 4.24: DOS for a hexagonal HC-MOF with d/Λ=0.9, considering a) β/k ≈1; b) β−k ≈0.
fibre’s lattice period parameter, a, in the xx axis, along with the wave number, k. We have
done a zoom-in of the properties around the light with β=k, by choosing yy axis around of
β/k=1 [as considered in figure 3.4 of ref. [20].], or β-k=0 [as considered in figure 1.a) of ref.
[6]]. We can observe bandgaps in those conditions, which in the figure correspond to the
black regions, and with β/k < 1 or β − k < 0.
We now focus on another important type of fibres: the kagome´ HC-MOFs, which were
firstly proposed on ref. [7]. In particular, these fibres offer broadband transmission when
compared to other HC-MOFs [109], as well as small dispersion, providing an ideal medium
for, as example, the generation and guidance of ultraviolet light which is not possible in silica
SC-MOFs since the UV light is highly attenuated in silica fibres.
There are two types of kagome´ patterns referred in literature [7, 37], as indicated in Fig.
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a) b)
Fig. 4.25: The two types of kagome´ lattice; by default we are assuming the case in a).
Fig. 4.26: Kagome´ HC-MOF geometry – the white regions contain gases, the black regions
(i.e. the strands) are made of glass; in the inset region there is a zoom-in of the fibre’s details,
where the unit cell of the lattice is delimited by a dashed hexagon.
4.25; however, in the context of MOFs, the pattern of 4.25.a) is the standard one.
It is known that the periodicity of the fibre’s cladding is what makes possible the guidance
in a fibre with hollow-core. Thus, in order to know how the kagome´ HC-MOFs guide light,
we shall study their lattice. The kagome´ HC-MOF geometry is shown in Fig. 4.26, in which
we present a zoom-in selection of the fibre’s cladding. Inside the zoom-in region, a unit cell is
signalled with a dashed hexagon; this is the primitive unit cell of this fibre. The unit cell must
be chosen like this since this is the region which, when repeatedly translated, generates the
full lattice and has the maximum number of possible symmetry operations (i.e. geometrical
operations which maintain the figure with the same aspect).
For studying the bandgaps or the DOS of the kagome´ model, we have also used the MPB
software. In Fig. 4.27 we show the photonic bands of a kagome´ HC-MOF composed by silica
in the strands and air in the hollow regions, for kza/2pi = kneff × [2/3(dcore)]/(2pi)=8.463
(those arguments include the case of: λ=0.790µm, neff=1.0028578, and dcore=10.0µm). We
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gas a1 b1 a2 b2
air 14926.44×10−8 19.36×10−6 41807.57×10−8 7.434×10−3
helium 4977.77×10−8 28.54×10−6 1856.94×10−8 7.760×10−3
neon 9154.48×10−8 656.97×10−6 4018.63×10−8 5.728×10−3
argon 20332.29×10−8 206.12×10−6 34458.31×10−8 8.066×10−3
krypton 26102.88×10−8 2.01×10−6 56946.82×10−8 10.043×10−3
xenon 103701.61×10−8 12.75×10−3 31228.61×10−8 0.561×10−3
Table 4.3: Coefficients of the Sellmeier equation for each gas, at pressure p0 = 1bar, and
temperature Θ0 =273.15K (after ref. [15]).
do not observe a full bandgap above the air line that is a y=8.463, but the density of states
is very low in the regions which correspond to the fundamental propagation modes. Thus,
we conclude that the guidance in those kagome´ fibres is due to the low DOS.
As explained in chapt. 3, the propagation modes can be found by solving Eq. (2.17)
numerically, with n(λ, r) for the full cross-section of the fibre. For this purpose we have used
Comsol multiphysics, and we have found the propagation modes and their characteristics. In
Fig. 4.28 we show the fundamental mode of a helium-filled kagome´ fibre with the parameters
mentioned above, for a pressure of 10bar and a pumping wavelength of 790nm.
Alternatively, in the case of kagome´ HC-MOFs, neff can be theoretically approximated
by that of a glass capillary, which is given by [52]:
neff = ngas − 1
2
(
u01λ
pidcore
)2
(4.9)
where dcore is the core-diameter, u01 is the first zero of the J0 Bessel function, ngas is the
refractive index of the core-filling gas, which is given by a Sellmeier equation including the
effects of pressure and temperature variation [15]:
ngas =
√
1 +
p
p0
.
Θ0
Θ
[
a1λ2
λ2 − b1 +
a2λ2
λ2 − b2
]
(4.10)
whose coefficients ai and bi were taken from ref. [15](see Table 4.3), p is the pressure at the
fibre core, p0 is the 1bar pressure, Θ0 =273.15K, and Θ is the absolute temperature of the
fibre core.
In gas-filled kagome´ HC-MOFs, the ZDW can be shifted to lower wavelengths and enter
the UV region. The ZDW of a gas-filled kagome´ HC-MOF can be tailored by choosing an
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a)
b)
Fig. 4.27: a) The photonic bands diagram; b) the DOS graph, of a kagome´ HC-MOF with
kza/(2pi)=8.463, and thickness/a=1/26.6667.
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Fig. 4.28: The fundamental propagation mode of a kagome´ HC-MOF filled with helium:
core diameter dcore = 40.0µm, thickness of the glass strands t = 0.1µm, and gas pressure
p=10.0bar, @λ = 790nm.
appropriate gas to fill the core and by adjusting its pressure. This effect is illustrated in
Fig. 4.29, which shows the dependence of the parameter β2 on the wavelength for a kagome´
HC-MOF with a core diameter of 40.0µm, and thickness of the glass strands of 0.1µm, filled
with helium, or argon, obtained from Eq. (4.9), using the relation β2 =
d2β(ω)
dω2
= d
2{neffk}
dω2
.
In Fig. 4.30 we show the GVD for different filling gases at 1bar, in the same HC-MOF with
40.0µm core diameter. At pumping wavelengths lower than the zero dispersion wavelength
(λ0) the dispersion regime of these fibres is normal, whereas at pumping wavelengths higher
than λ0 the dispersion regime is anomalous [Figs. 4.29, and 4.30]. We see that the group
velocity dispersion curves are different for each gas; in particular, they are different in the
region of the pumping wavelength (790nm) which will be considered below.
The dependence of ZDW with pressure is plotted in Fig. 4.31, at room temperature. In the
case of helium and for pressures up to 150bar, the dispersion regime is always anomalous at
λpump = 790nm; however, for the other gases the anomalous regime at 790nm only happens
for smaller pressures. For the considered noble gases, when the pressure varies from 1 to
150bar, the ZDW varies in the following way: for helium in the range 215.7nm to 659.2nm,
for argon in the range 406.2nm to 1355.9nm, for krypton in the range 482.6nm to 1609.5nm,
and for xenon in the range 693.2nm to 1973.5nm. We can notice that with HC-fibres a ZDW
well below that of SC-fibres made of silica can be achieved.
In order to study the propagation of light in HC-MOFs filled with gases, we must take
into account that the Kerr coefficient increases linearly with the gas pressure, according with,
nK(p) = pn
0
K [16], where p is pressure and n
0
K is the value of the Kerr coefficient at 1 atm.
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a)
b)
Fig. 4.29: Dispersion curves of a kagome´ HC-MOF with a 40µm core diameter filled with a
noble gas: a) helium with pressures p={0.0, 20.0, 40.0, 60.0, 80.0, 100.0}bar; b) argon with
pressures p={0.0, 20.0, 40.0, 60.0, 80.0, 100.0}bar.
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Fig. 4.30: Dispersion curves of a kagome´ HC-MOF with a 40µm core diameter filled with
distinct noble gases at 1bar.
Fig. 4.31: ZDW as a function of the pressure for various gases: helium, neon, argon, krypton,
and xenon.
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nKerrx10
16 [m2/W]
helium neon argon krypton xenon
5.21x10−9 1.31x10−8 1.27x10−7 3.07x10−7 9.16x10−7
Table 4.4: Kerr coefficients for various noble gases at pressure of 1 atm (after ref. [14]).
Table 4.4 shows n0K for different noble gases.
4.2.2 Light propagation in kagome´ fibres - SCG
After having characterized the fibre’s properties for various filling gases and different
pressures, we can simulate the propagation of light pulses in those fibres. For that purpose
we will solve Eq. (2.24), but without the Raman effect, since noble gases are Raman-free:
∂u(z, t)
∂z
− i
[∑
k>1
1
k!
βki
k ∂
k
∂τk
u(z, t)
]
+
α(ω)
2
u(z, t) =
= iγ
(
1 + iτshock
∂
∂t
)
|u(z, t)|2u(z, t),
(4.11)
In Figs. 4.32-4.33 we show the pulse propagation in a kagome´ fibre, in the presence or in
the absence of quantum noise using a 600fs FWHM pulse with an energy of 10µJ at 800nm
[P0=14.667MW]. The considered fibre is a kagome´ HC-MOF with a 30µm diameter core filled
with 25bar of argon (ZDW at 750nm). The dispersion was computed as mentioned above
with Eq. (4.9), assuming the referred dcore. We notice a clear difference between the cases
without and with quantum noise: in the case with quantum noise the pulse spreads faster,
and it has more variations such that it does not present the same symmetry as in the other
case.
81
a) b)
Fig. 4.32: a) Spectral and temporal evolution of a pulse propagation in a kagome´ HC-MOF
without inclusion of quantum noise; b) input and output pulses.
a) b)
Fig. 4.33: a) Spectral and temporal evolution of a pulse propagation in a kagome´ HC-MOF
with inclusion of quantum noise; b) input and output pulses.
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4.2.3 Light propagation in kagome´ fibres - UV light generation
A pulse propagating in the anomalous dispersion regime possessing enough energy to be
a higher order soliton undergoes through an initial narrowing (see chapt. 2). This solitonic
compression is limited by perturbation effects such as higher order dispersion or intrapulse
Raman scattering. This limitation is less significant in kagome´ fibres filled with noble gases,
because they have small dispersion and they do not present Raman response. Therefore,
considerable compression can be achieved, as shown in Fig. 4.34.
a) b)
Fig. 4.34: (a) Spectral and temporal evolution of a 30fs input pulse at 800nm through a
kagome´ MOF with a 30µm diameter core filled with argon; (b) initial (red) and compressed
(green) pulse profiles in spectral and time domains.
When the soliton compression is high enough, the broadened spectrum may overlap with
resonant dispersive-wave frequencies, which are consequently excited in the UV region. After
this initial compression, the pulse splits in the time domain, which may generate a supercon-
tinuum or UV light. The UV light is generated approximately when the pulse achieves the
maximum temporal compression right before the soliton fission.
The phase-matching condition in the case of maximum pulse compression is given by:
β(ω)− βc − β1[ω − ωs] = γPc/2, (4.12)
where Pc is the power of the compressed pulse given by Pc ≈ foptP0. The optimum pulse
compression factor, fopt, can be estimated by the following empirical relation [109]:
fopt ≈ 4.6norder, (4.13)
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a) b)
c) d)
Fig. 4.35: Spectral and temporal pulse propagation in a kagome´ fibre of 30µm core diameter
filled with 9.8bar of argon, with λpump=600nm; a)-d): dependence of UV light generation on
pulse duration (15, 30, 60, and 120fs).
where norder is the soliton order.
The output spectra may vary from a UV light output (for smaller pulse widths) to a SCG
output (for larger pulse widths), which can be observed in Fig. 4.35.
In Figs. 4.36 & 4.37, 4.38, and 4.39 we show the spectral evolutions of pulses propagating
in the kagome´ HC-MOF filled with argon, xenon, and helium, respectively, at different pressu-
res. The kagome´ HC-MOF considered in those cases as dcore = 40.0µm and thickness=0.1µm.
We show the results for light propagation in argon filled kagome´ fibres with two different
pumping wavelengths: at 1060nm (Fig. 4.36) and at 790nm (Fig. 4.37). In Fig. 4.36.a)-
b) we are pumping at the anomalous dispersion regime, in Fig. 4.36.c) we are pumping in
the ZDW, and in Fig. 4.36.d) we are pumping in the normal dispersion regime. The ZDWs
location are shown in Fig. 4.31, where the dashed lines represent the pumping cases at 790nm
or 1060nm, for comparison purposes. When the pressure is increased the nonlinearity also
increases, such that we observe the occurrence of the spectral broadening in shorter distances
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a) b)
c) d)
Fig. 4.36: Spectral and temporal evolutions for a pumping wavelength of 1.06µm, with
pulses of tFWHM=40fs, energy of 10µJ, and p={10, 30, p0, and 80}bar, where p0=54.1 is
the pressure of argon for which the ZDW is at 1.06µm; the core diameter of the considered
kagome´ fibre is 40µm.
a) b) c) d)
Fig. 4.37: a)-d) Spectral evolution of an input pulse of tFWHM=40fs, energy of 10µJ,
λ=790nm, along a kagome´ HC-MOF filled with argon at pressure a) 10bar, b) 20bar, c)
40bar, d) 80bar; dcore=40.0µm.
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a) b) c) d)
Fig. 4.38: a)-d) Spectral evolution of an input pulse of tFWHM=40fs, energy of 10µJ,
λ=790nm, along a kagome´ HC-MOF filled with xenon at pressure a) 10bar, b) 20bar, c)
40bar, d) 80bar; dcore=40.0µm.
a) b) c) d)
Fig. 4.39: a)-d) Spectral evolution of an input pulse of tFWHM=40fs, energy of 10µJ,
λ=790nm, along a kagome´ HC-MOF filled with helium at pressure a) 10bar, b) 20bar, c)
40bar, d) 80bar; dcore=40.0µm.
86
for higher pressures. We observe a broader expansion when the pumping is at anomalous
dispersion regime, followed by the case of pumping at the ZDW, and at last for the normal
pumping regime. This is due to the increased difference between the pump wavelength and
the ZDW, which inhibits phase matching conditions.
In the case of xenon (Fig. 4.38), the final spectral broadening is similar for all the
considered pressures and the distance at which this happens decreases for higher pressures.
Nevertheless, the distance for spectral broadening in the xenon filled fibre is one order of
magnitude smaller than the same distance for an argon filled fibre, due to the fact that the
xenon presents higher nonlinearity than argon. For instance, for xenon at a pressure of 150bar,
the nK is 1.37× 10−20m2/W, which is similar to that of silica (which is 2.6× 10−20m2/W).
In the case of helium (Fig. 4.39), the pumping is always in the anomalous dispersion
regime. Note that as we increase the pressure, we change nonlinearity and dispersion, in such
a way that we are getting closer to the ZDW, so that the soliton order for Fig. 4.39.a)-d) are
4.9, 7.0, 10.3 and 15.8. As a consequence, the fission length is decreasing with pressure.
The expression of phase matching condition on Eq. (4.12) gives ω ≈ {2.4, 2.0, 1.7, 1.6}PHz
for Figs. 4.39.a)-d) which agrees reasonably with the peak of the generated UV band. In the
case presented in Fig. 4.37.a) the pumping is made in the anomalous dispersion regime and
the soliton order is 38.4. The corresponding fission length is 11.0 cm, and Eq. (4.12) for the
phase-matching gives in this case ω ≈ 0.9PHz, which corresponds to the new band seen in
that figure.
For distinct gas pressures the UV peak is located at a different frequency, as shown in
Fig. 4.40, and in agreement with the prediction by Eq. (4.12), where the terms of βi depend
on the pressure. In Fig. 4.41 we observe the frequency of the UV peak versus the pressure
of the gas inside the fiber’s core.
In Figs. 4.42.a)-d) we show the X-FROG trace of the input and output pulses. We have
computed the correlation between the input pulse and itself, and the correlation between
the input pulse and the output pulses, for the same 3 cases considered in 4.37.a), 4.38.a)
and 4.39.a). Fig. 4.42.a) shows the trace of an unchirped pulse, as was expected for the
input pulse. In the figures for the output X-FROGs, the trace varies for different fibres or
different pumping conditions: in the figure of X-FROG for argon we see new frequencies with
significant amplitudes, where we can observe two different peaks, which is in agreement with
the two peaks observed in Fig. 4.37.a); in the figure of X-FROG for xenon we observe a
generation of a wide range of new frequencies, in agreement to Fig. 4.38.a); moreover, in the
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Fig. 4.40: Output spectrum of UV light generation in a kagome´ HC-MOF with d=40.0µm,
thickness=0.1µm, filled with helium; the laser signal has λpump=800nm, FWHM of 40fs, and
energy=20µJ; the pressure of the core-filling gas is indicated in the label.
Fig. 4.41: Frequency with maximum intensity in the UV region for different gas pressures,
computed accordingly to the results of Fig. 4.40 [which has the same parameters for the fibre
and input pulse].
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a) b) c) d)
Fig. 4.42: a) X-FROG trace for an input pulse signal of FWHM=0.040ps, 10µJ, λ=790nm;
X-FROG trace for the output signal after different lengths of the kagome´ fibre filled with 10
bar of different gases: b) filled with argon and l=0.0693m; c) filled with xenon and l=0.0179m;
d) filled with helium and l=0.3403m, where l is the fibre length.
figure of X-FROG for helium we observe the trace of the self-phase modulation, by comparison
with ref. [110]. These figures of X-FROG are in agreement to the light propagation results
seen in 4.37.a), 4.38.a), and 4.39.a) respectively.
In order to characterize the output of UV light we used the conversion efficiency and the
quality factor [109]. The efficiency of the UV light generation is defined as the fraction of the
total output spectral power at UV wavelengths (i.e. for wavelengths from 10 nm to 350 nm),
PUV , and the total input power, P0:
efficiency = PUV /P0. (4.14)
In addition, in order to measure the quality of the UV emission, we used the factor:
qUV = P
FWHM
UV /PUV , (4.15)
where PFWHMUV is the spectral power within the FWHM of the strongest UV peak, and PUV
is the total spectral power in the UV region. In figures 4.43.a)-b) we see how the efficiency
and the quality factor vary for gas-filled kagome´ fibres as considered in Figs. 4.37, 4.38, and
4.39. We see that the efficiency increases with pressure, which is due to the fact that a higher
pressure corresponds to higher nonlinear effects and consequentially to higher transfer rates
of energy into the UV region. In addition, the quality factor of the UV light increases for
relatively medium pressure values (up to approx. 10bar); however, for higher pressures the
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a) b)
Fig. 4.43: a) Efficiency of UV light generation calculated for different pressures of the core-
filling gas, with the fibre and input pulses of Figs. 4.37, 4.38, and 4.39; b) quality factor
calculated.
UV band spreads and resembles that of supercontinuum generation. Therefore, in order to
achieve both an efficient and a high quality UV generation, we benefit from choosing the
pressure, but it shall not be too high neither too low, in order to have both an efficient
generation and a high quality factor.
In order to tune the generated UV spectrum, several adjustments of the input pulse
have been made: energy, width, and center wavelength, as well as the pressure of the gas,
maintaining the same kagome´ HC-MOF with dcore = 40.0µm and thickness=0.1µm.
Fig. 4.44.a)-b) shows an optimized result that was obtained by changing those parameters
and that corresponds to a gas pressure of p=10bar, centre wavelength λpump=800nm, pulse
full width at half maximum (FWHM) of 40fs, and energy=20µJ. The UV output shown in
this figure has a quality factor of 85.9%, and the process has a conversion efficiency of 5.2%.
The output spectra that results from the propagation of ultrashort pulses is usually highly
coherent, which is important for several applications. In the Fig. 4.44.c) the 1st order
coherence was calculated to study the fluctuations in the system due to random noise, with
Eq. (3.9). This figure shows that the generated spectrum has a very high coherence, for the
case considered in Fig. 4.44.a)-b). It is seen that the coherence is very high along a large
range of frequencies from the initial pulse frequency up to the UV region. Light pulses with
such coherence may be useful if the final light is used as a source of phase correlated pulses.
It is possible to experimentally realize a gradient of pressure in the gas that fills the fibre
core [71]. When the pressures at the input and output of the fibre are different, the pressure
profile in equilibrium is given by the following equation [71]:
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a) b) c)
Fig. 4.44: Spectral (left), temporal (middle) and coherence (right) evolution of ultrafast
non-linear UV generation in a kagome´ HC-MOF, with the same fibre and pulse parameters
as in Fig. 4.40, considering a core filled by helium gas with a pressure of p=10bar.
p(z) =
√
p2i +
z
l
(
p2f − p2i
)
, (4.16)
where p(z) is the pressure at a distance z, pi is the initial pressure, pf is the final pressure,
and l is the fibre length.
In Figs. 4.45-4.46, the results of simulations with a pressure gradient following Eq. (4.16)
are seen. It can be observed that the distance for maximum compression is different in the
two considered cases of a positive gradient and of a negative gradient. In addition, it can
be observed that the new UV frequencies appear in different regions, which is due to the
different properties depending on the fibre’s gas filling pressure gradient. The fission length
is higher for a positive gradient than for a negative gradient. This is due to the fact that for
the initial higher pressures the nonlinearity at the start zone is higher such that the nonlinear
effects occur at shorter fibre lengths.
In the case of the positive gradient, a quality factor of 42.9% and an efficiency of 8.7%
were found, whereas in the case of the negative gradient, a quality factor of 81.5% and an
efficiency of 6.0% were found. Fig. 4.46 shows that both scenarios of pressure gradient
considered here for achieving UV light have a very high coherence throughout a very broad
range of frequencies.
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a)
b)
Fig. 4.45: Spectral and temporal evolution of non-linear UV generation in a kagome´ MOF
with a pressure gradient of: (a) 1bar to 15bar, and (b) 15bar to 1bar; the other parameters
are the same as in Fig. 4.44.
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Fig. 4.46: Coherence evolution for the same two scenarios considered in Fig. 4.45, respecti-
vely.
4.3 Summary
In the first part of this chapter, we have seen that by changing the SC-MOFs design it is
possible to change their dispersive and nonlinear characteristics.
In order to study the supercontinuum occurring in fibres, it is possible to numerically
isolate some of the involved effects by eliminating some of the terms in the equations. With
this approach we study the real system described by the full equation, as well as hypothetical
systems with only some of the effects.
We have shown that the LS-MOF is a model that unites high nonlinearity and adjustable
dispersion. We have studied the LS-MOF composed by air and silica, and by air and arsenic
trisulfide glass. For a LS-MOF with AFF=90.0% composed by silica and air, we have achieved
a nonlinear parameter of 70.0W−1 km−1, with zero dispersion, simultaneously, at the telecom
wavelength of 1.55µm.
We have found that for enhancing the supercontinuum effect, we shall work with a pum-
ping wavelength on the anomalous dispersion region, or close to a ZDW at the normal disper-
sion region. The results of our numerical study for a LS-MOF composed by arsenic trisulfide
and air predict a record distance for the supercontinuum generation in a fibre composed by
arsenic trisulfide and air: 0.3mm, whose spectral band goes through ∼0.500-3.900µm.
In the second part, we have studied the hexagonal and kagome´ HC-MOFs. The latter
was considered to be filled with noble gases.
With the HC-MOFs we can achieve ZDWs for lower wavelengths than that achivable with
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SC-MOFs.
We have shown the DOS graphs of a hexagonal HC-MOF, and the main fundamental
propagation mode.
After that, we have focused on the kagome´ fibre, which is a HC-MOF that offer broadband
transmission, and small dispersion. We have studied the periodic lattice of the kagome´
pattern, and we have presented the photonic bands for a particular instance, concluding that
the light guidance in the kagome´ fibres studied here is due to low DOS, since their DOS is not
null but very low. We have studied the effect of varying the pressure, and the core-filling gas
in a kagome´ fibre. We have analysed the impact on dispersion by varying those conditions;
namely change the dispersion profile leads to different location of the ZDWs. In addition, we
have found propagation modes in those fibres. After characterizing the properties of kagome´
fibres we have simulated the propagation of light in them. We have analysed the differences
on the final spectrum of propagation in HC-MOFs filled with helium, argon, and xenon, at
different pressures. The input and output FROG traces, which show a different perspective on
the light propagation results, were computed. The first order coherence was also computed.
We have studied the inclusion of a pressure gradient in the gas filling the fibre’s core, and
we have tuned the UV light by comparing several situations. The efficiency and the quality
of the UV light generation was calculated, from which we have found some cases particularly
well suited for fabricating UV light sources.
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5EIT - THEORY AND COMPUTATIONAL RESULTS
When the light travels it may find a medium such as a lense, or a glass that transmit light,
or a mirror that reflects light, or an opaque medium which absorbs light. The electromag-
netically induced transparency (EIT) is a new phenomena which occurs when the presence
of a control field converts an initially opaque medium for a probe field at certain frequencies
into a transparent one. The transmission of the material can reach 100%. In fact, both the
control field and the probe field must be very well tunned each one to a specific transition
of the atoms or molecules of the media. The EIT phenomenon is a source of many nonlinear
effects, such as enhanced cross phase modulation. In addition, the induced small window of
transparency has distinct properties with unusual profiles, such as very low group velocities
[57].
In this chapter, we will study EIT in a fibre whose core is filled with an active material
such as rubidium. We will compare the propagation properties of the probe without and with
the guiding effect of a HC-MOF. In particular, we assume that the power of the control laser
has a transverse Gaussian shape, therefore the refractive index of the fibre core that is filled
with rubidium varies with the radial position. We will study the consequences of the guiding
in this context.
5.1 EIT - an introduction
In an atom, with the states coupled via several transition possibilities, it is possible to
observe interference that can result in an enhancement of the transition probability (cons-
tructive interference) or a cancellation of the transition probability (destructive interference)
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[72]. In 3-level atomic systems, coupled to two laser fields, the interference effects that result
in the cancellation of the absorption of light at a resonant frequency lead to the so-called
EIT phenomenon. This means that an initially highly opaque medium becomes transparent.
In addition, the refractive index of the medium in this range of frequencies becomes very
different from before.
EIT experiments have been performed both employing pulsed lasers or continuous-wave
lasers. The first observations of the EIT effect were made in strontium atoms [10] and lead
atoms [32]. The EIT effect can be observed in optical cavities [18], or in more sophisticated
media such as microstructured optical fibres [17].
There has been considerable research efforts regarding the topic of EIT since 1990 [34,
43, 44]. This phenomenon has several potential applications such as in ultraslow light [45],
stored light [87], enhancement of nonlinear optical effects [72], lossless propagation of laser
beams through optically thick media [72], and quantum information processing [69].
With the EIT phenomena it is possible to trap photons in a medium [69]. It is possible
to observe slow-light or fast-light, in those media. In addition, operating in the single-photon
level may be possible with EIT in photonic crystals [102].
As was mentioned above, the EIT effect allows not only to suppress light absorption,
but also to significantly enhance the nonlinear effects. In fact, EIT materials are the most
nonlinear materials found up to date [102].
In this chapter, we will consider a 3-level atomic system, i.e. a system in which only 3
energy levels are relevant to the process, when considering the interaction between the atoms
and the electromagnetic fields. Here, we will use the density matrix formalism, but other
approaches can be used [72].
It is found that the system macroscopic optical properties depend upon some parameters
that are controllable in the experiment, such as the detuning of each laser, and the intensity
of the control laser. The EIT phenomenon also depends strongly on the atomic properties of
the medium.
In practice, some of the materials in which we can observe the EIT effect are strontium
[10, 43], rubidium [38], acetylene [115], and cesium [114].
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5.2 The density matrix formalism for nonlinear optics
In order to study the interaction of light and matter, one important method is to use the
density matrix formalism [100, chapt. 2]. In such approach, the microscopic properties of
the system are studied using a quantum mechanical description, in order to determine the
macroscopic properties of the system.
Here, we describe the atomic system quantically, whereas the electromagnetic field is
treated by a classical formalism; thus, following a semi-classical approach. In other studies,
fully quantum treatments for EIT have also been developed [58, 104].
Let us consider a set of states |ϕi〉 that is a complete set of basis states; then, the density
matrix operator ρ is defined as the ensemble average over the product of ket and bra vectors
of the system:
ρ = |ϕ〉 〈ϕ| =
∑
j
pj |ϕj〉 〈ϕj | , (5.1)
where pj is the probability of each state j.
We know by quantum mechanics that the average of an observable associated with the
operator fˆ is given by:
fˆ = 〈ϕ| fˆ |ϕ〉 ≡ Tr(ρfˆ), (5.2)
where Tr denotes the trace.
From the definition of ρ, in Eq. (5.1), and from the Schro¨dinger equation for |ϕ〉, we
obtain the Liouville equation [90], which is an alternative formula for studying the quantum
properties of the system:
ρ˙ =
i
~
[ρ,H], (5.3)
where the dot mean the time derivative, and H is the full Hamiltonian of the system.
The Hamiltonian here is composed by three parts [100]:
H = H0 +Hint +Hrandom, (5.4)
where H0 is the Hamiltonian of the unperturbed system, Hint is the interaction Hamiltonian
between the system and the propagating light fields, and Hrandom is the Hamiltonian that
describes a random perturbation of the system due to thermal motion.
We can, therefore, express the Liouville equation as:
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ρ˙ =
i
~
[ρ,H0 +Hint] + ρ˙relax, (5.5)
with:
ρ˙relax =
i
~
[ρ,Hrandom], (5.6)
We can separate the matrix elements ρij into two groups: the diagonal matrix elements
ρii = 〈i| ρ |i〉 represent the population of the atomic system in the state |i〉; and the off-
diagonal matrix elements ρij are called the ”coherences”of the system.
The relaxation time evolution of the off-diagonal elements can be expressed as [100, chapt.
2]:
(ρ˙ij)relax = −γijρij . (5.7)
which corresponds to a linear approximation of the ρij variation on time, with γ
−1
ij = γ
−1
ji ,
being a relaxation time between the states |i〉 and |j〉, for i 6= j. The relaxation time of
the population matrix elements, i.e. the diagonal elements, is known as the longitudinal
relaxation time, whereas the relaxation time of the off-diagonal matrix elements is known as
the transverse relaxation time [100].
It shall be noted that each γij is a parameter that can depend not only on the intrinsic
properties of the atomic levels but also on other experimental parameters such as the tem-
perature, the density of atoms in the medium, etc. Usually, γij is determined by fitting the
experimental data to the model.
Eq. (5.5) may be solved with the assumption of a steady-state system, i.e., that all the
derivatives of the density matrix elements vanishes to zero. With the additional assumption
of having the power of the pump laser much greater than the power of the probe laser, an
analytic solution can be found.
The real and imaginary parts of the susceptibility may be derived from the coherences
and are responsible for the dispersion effects, and for the absorption /transmission effects,
respectively.
5.3 Theory of 3-level systems
The possible combinations for the 3-levels relationship when two transitions are possible
and one transition is forbidden are: the Λ-type configuration, the ladder-type configuration,
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and the V-type configuration.
5.3.1 Lambda systems
We will consider an atom with 3 levels of energy in the lambda configuration [90] (usually
denoted by Λ), as shown in Fig. 5.1, where ωpr and ωpu are the probe and pump laser
frequencies, and δpr and δpu are the detunings of the lasers with the corresponding levels. We
assume that the light of these lasers is monochromatic.
Fig. 5.1: The energy levels of a Λ-type configuration.
The interacting Hamiltonian consists of two different potential energies: the potential
energy of the interaction of the probe laser field with the atom and of the pump laser field
with the atom:
Hint = Vpr + Vpu. (5.8)
Assuming that the interactions atom-laser are written in the dipolar approximation:
Vpr = −~dpr. ~Epr = −~dpr. ~Epr0 cos(ωprt) (5.9)
Vpu = −~dpu. ~Epu = −~dpu. ~Epu0 cos(ωput) (5.10)
where ~d = −e~re is the dipolar moment of the electron at ~re displacement relatively to the
nucleus, and e is the electron charge.
The Hamiltonian of the 3-level free atom can be expressed as:
H0 = ~ωa |a〉 〈a|+ ~ωb |b〉 〈b|+ ~ωc |c〉 〈c| ≡

~ωa 0 0
0 ~ωb 0
0 0 ~ωc
 (5.11)
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For the transition between states |m〉 and |n〉, the atomic dipolar moment may be written
in the basis of the atomic states by:
~d = ~dmn(|n〉 〈m|+ |m〉 〈n|). (5.12)
In particular,
~dpr = ~dba(|a〉 〈b|+ |b〉 〈a|) =

0 ~dba 0
~dba 0 0
0 0 0
 (5.13)
~dpu = ~dca(|a〉 〈c|+ |c〉 〈a|) =

0 0 ~dca
0 0 0
~dca 0 0
 (5.14)
In order to find the interaction potential energy due to the probe laser in the same basis,
we use Eqs. (5.9) and (5.13), obtaining:
Vpr = −~dba(|a〉 〈b|+ |b〉 〈a|). ~Epr0
1
2
(e−iωprt + eiωprt) (5.15)
= −
~dba. ~Epr0
2
(|a〉 〈b| e−iωprt + |a〉 〈b| eiωprt + |b〉 〈a| e−iωprt + |b〉 〈a| eiωprt) (5.16)
where the terms with e−iωprt are associated to the absorption of a photon, whereas the terms
with eiωprt are associated with the emission of a photon [90].
In the rotating wave approximation (RWA), for |ω − ω0|  ω0 we can neglect the terms
associated with the absorption of a photon and a transition from an excited state to the
fundamental state, as well as associated with the emission of a photon and a transition from
the fundamental state to an excited state. Therefore we have:
Vpr =
~Ωpr
2
(|a〉 〈b| e−iωprt + |b〉 〈a| eiωprt) (5.17)
where we have used the definition of Rabi frequency associated with the states |a〉 and |b〉
and the probe field:
Ωpr = −
~dba. ~Epr0
~
. (5.18)
Identically, in matrix notation we have that:
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Vpr =
~Ωpr
2

0 e−iωprt 0
eiωprt 0 0
0 0 0
 (5.19)
and, analogously, we obtain:
Vpu =
~Ωpu
2

0 0 e−iωput
0 0 0
eiωput 0 0
 (5.20)
Therefore the resulting Hamiltonian of the full system is:
H =

~ωa ~Ωpr2 e
−iωprt ~Ωpu
2 e
−iωput
~Ωpr
2 e
iωprt ~ωb 0
~Ωpu
2 e
iωput 0 ~ωc
 . (5.21)
From Eq. (5.5) and (5.7) we have, for the off-diagonal elements, that:
ρ˙mn =
i
~
((ρH)mn − (Hρ)mn)− γmnρmn (5.22)
Then, using the definition of the full Hamiltonian of this system, Eq. (5.21), in Eq. (5.22),
we obtain:
ρ˙ab = (i(ωb − ωa)− γab)ρab + iΩpr
2
e−iωprt(ρaa − ρbb)− iΩpu
2
e−iωputρcb (5.23)
ρ˙ac = −(i(ωa − ωc) + γac)ρac + iΩpu
2
e−iωput(ρaa − ρcc)− iΩpr
2
e−iωprtρbc (5.24)
ρ˙cb = −(i(ωc − ωb) + γcb)ρcb + iΩpr
2
e−iωprtρca − iΩpu
2
eiωputρab (5.25)
It is useful to introduce the slow variables:
ρ˜ab = ρabe
iωprt (5.26)
ρ˜ac = ρace
iωput (5.27)
ρ˜cb = ρcbe
i(ωpr−ωpu)t (5.28)
and the following formulas for the detuning between atomic and optical frequencies,
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δpr = ωpr − ωa + ωb (5.29)
δpu = ωpu − ωa + ωc (5.30)
with which we obtain:
˙˜ρab = −(γab − iδpr)ρ˜ab + iΩpr
2
(ρaa − ρbb)− iΩpu
2
ρ˜cb (5.31)
˙˜ρac = −(γac − iδpu)ρ˜ac + iΩpu
2
(ρaa − ρcc)− iΩpr
2
ρ˜bc (5.32)
˙˜ρcb = −(γcb − i(δpr − δpu))ρ˜cb + iΩpr
2
ρ˜ca − iΩpu
2
ρ˜ab (5.33)
On the steady state, the time derivatives of the density matrix elements vanish, i.e.
ρ˙ij = 0. In addition, we assume that for small probe powers the population of the ground
state is always approximately equal to 100% and the other populations are approximately
equal to 0%:
ρbb(t) ≈ 1; (5.34)
ρaa(t) ≈ 0; ρcc(t) ≈ 0. (5.35)
Therefore, using these approximations in Eqs. (5.31)-(5.33), we obtain:
0 ≈ −(γab − iδpr)ρ˜ab − iΩpr
2
− iΩpu
2
ρ˜cb (5.36)
0 ≈ −(γac − iδpu)ρ˜ac − iΩpr
2
ρ˜bc (5.37)
0 ≈ −(γcb − i(δpr−δpu))ρ˜cb + i
Ωpr
2
ρ˜ca − iΩpu
2
ρ˜ab, (5.38)
from which we obtain that, for Ωpr  Ωpu:
ρ˜ab = −iΩpr
2
[
γab − iδpr + (Ωpu/2)
2
γcb − i(δpr − δpu)
]−1
. (5.39)
Using Eq. (5.2), we have for 〈dpr〉:
〈dpr〉 = Tr(ρdpr) (5.40)
= Tr


ρaa ρab ρac
ρba ρbb ρbc
ρca ρcb ρcc


0 dprba 0
dprba 0 0
0 0 0

 (5.41)
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= ρabdba + ρbadba (5.42)
= dba(ρ˜abe
−iωprt + ρ˜baeiωprt) (5.43)
The polarization of the medium is the product of the average dipolar moment by the
number of atoms or molecules per unit volume, nm, in the form:
P = nm〈d〉 (5.44)
On the other hand, in the linear approximation, the polarization is:
P = 0χEpr = 0χ
Epr0
2
(e−iωprt + eiωprt); (5.45)
therefore, by combining Eqs. (5.44)-(5.45), (5.43), and (5.18) we obtain:
χ = −2nmd
2
baρ˜ab
0~Ωpr
, (5.46)
with which we obtain the refractive index:
n =
√
1 + χ. (5.47)
Finally, using Eqs. 5.47, 5.46, and 5.39 we find the complex susceptibility of the medium
and its complex refractive index, n:
n =
√
1− nmd
2
ba
0~
{
−i/
[
γab − iδpr + (Ωpu/2)
2
γcb − i(δpr − δpu)
]}
(5.48)
In Figs. 5.2-5.3 we show EIT graphs with the dependence on various parameters, namely
for distinct γab, and γbc. We observe that the values of γab, and γbc affect the overall shape
of the EIT graphs.
Fig. 5.2: a) Three dimensional plot showing the dependence of v =Im{ρ˜ab} on δpr and
γcb/γab; b) the two extremes of the graph at left. - after ref. [90, fig. 3.4.i].
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Fig. 5.3: a) Three dimensional plot showing the dependence of u =Re{ρ˜ab} on δpr and
γcb/γab; b) the two extremes of the graph at left.
5.3.2 Ladder systems
In a ladder system the relevant levels of that system have the form shown on Fig. 5.4,
where the ground state was defined as |b〉 for a mathematical convenience of comparison
between the Λ and the ladder systems, but |a〉 and |c〉 levels differ in their location. The
Hamiltonian of a ladder system, in the rotating wave approximation, differs from the previous
one (in the Eq. (5.21)), being now given by:
Hl =

~ωa ~Ωpr2 e
−iωprt ~Ωpu
2 e
iωput
~Ωpr
2 e
iωprt ~ωb 0
~Ωpu
2 e
−iωput 0 ~ωc
 (5.49)
where the signal that differs results from the different level structure.
In consequence ρ˙ab, ρ˙ac, and ρ˙bc are given by:
ρ˙ab = (i(ωb − ωa)− γab)ρab + iΩpr
2
e−iωprt(ρaa − ρbb)− iΩpu
2
e−iωputρcb (5.50)
ρ˙ac = −(i(ωa − ωc) + γac)ρac + iΩpu
2
eiωput(ρaa − ρcc)− iΩpr
2
e−iωprtρbc (5.51)
ρ˙cb = −(i(ωc − ωb) + γcb)ρcb + iΩpr
2
e−iωprtρca − iΩpu
2
e−iωputρab. (5.52)
Those expressions can be simplified by defining the appropriate slow variables, which for a
ladder system we write as:
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Fig. 5.4: The energy levels of a ladder-type configuration.
ρ˜ab = ρabe
iωprt (5.53)
ρ˜ac = ρace
−iωput (5.54)
ρ˜cb = ρcbe
i(ωpr+ωpu)t (5.55)
Finally, we assume the steady state and that ρbb ≈ 1; ρaa ≈ 0; ρcc ≈ 0. Therefore, we find:
ρ˜ab = −iΩpr
2
/
[
γab − iδpr + (Ωpu/2)
2
γcb − i(δpr + δpu)
]
. (5.56)
5.3.3 Vee systems
In the case of a vee system (usually denoted by V), the energy levels configuration are as
in Fig. 5.5. The Hamiltonian in this case is given by:
HV =

~ωa ~Ωpr2 e
iωprt ~Ωpu
2 e
iωput
~Ωpr
2 e
−iωprt ~ωb 0
~Ωpu
2 e
−iωput 0 ~ωc
 (5.57)
In this case, the time governing equations for each ρij , are:
ρ˙ab = (i(ωb − ωa)− γab)ρab + iΩpr
2
eiωprt(ρaa − ρbb)− iΩpu
2
e−iωputρcb (5.58)
ρ˙ac = −(i(ωa − ωc) + γac)ρac + iΩpu
2
eiωput(ρaa − ρcc)− iΩpr
2
eiωprtρbc (5.59)
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Fig. 5.5: The energy levels of a V-type configuration.
ρ˙cb = −(i(ωc − ωb) + γcb)ρcb + iΩpr
2
eiωprtρca − iΩpu
2
e−iωputρab (5.60)
The convenient slow-variables in this case are:
ρ˜ab = ρabe
−iωprt (5.61)
ρ˜ac = ρace
−iωput (5.62)
ρ˜cb = ρcbe
i(−ωpr+ωpu)t (5.63)
Finally, we introduce the approximate populations of these 3-level system as: ρaa ≈
1; ρbb ≈ 0; ρcc ≈ 0, and in the steady state we obtain:
ρ˜ab =
i
Ωpr
2
−(iδpr − γab) + (iΩpu/2)
2
i(−δpr+δpu)−γbc
×
{
−1 + (iΩpu/2)
2
−(iδpu + γac)(i(−δpr + δpu)− γbc)
}
. (5.64)
5.4 EIT - experimental results
In a EIT configuration, the refractive index depends on several parameters of the system,
whose dependence for a Λ-system is indicated in Eq. (5.48). In fact, the refractive index
depends on the atoms/molecules density, the atomic dipolar moment of the transition asso-
ciated with the probe laser, the power of the pump laser, and the detuning of each laser as
well as on the relaxation times of the coherences. In particular, the detuning of the probe
laser, i.e. the difference δpr = ωpr − 2pic/λ0 has an important consequence: for δpr = 0, i.e.
at the centre of an EIT window, the transmission can reach 100%.
In Figs. 5.6 we observe experimental results for the transmission from other authors
[38, 43, 114]. These graphs show a typical behaviour of the transmission under the EIT
phenomenon; however they are different because each system has its own parameters and,
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a)
b)
c)
Fig. 5.6: EIT transmissions: a) S.E. Harris [43] result; b) S. Ghosh [38] result; and c) D.
Wang [114] result.
in particular, in a) the material is strontium, in b) the material is rubidium, and in c) the
material is cesium.
We have chosen to work with the rubidium material. The electron configuration of rubi-
dium is: 1s2 2s2 2p6 3s2 3p6 4s2 3d10 4p6 5s1, where the upper numbers are the numbers of
electrons in each orbital, whose sum is Z=37, the atomic number of rubidium. The valence
electron of the level 5s has the quantum numbers n=5 (principal quantum number), l=0
(azimuthal quantum number), m=0 (magnetic quantum number), and s=1/2 (spin quantum
number). Moreover, the 5s level has an hyperfine structure, so that this level is split into two
levels with F=1 and F=2. The 3-main levels in our chosen Λ-system of rubidium are: 5S1/2
F=1, 5S1/2 F=2, and
5P1/2, denoted by |b〉, |c〉, and |a〉, respectively. In Fig. 5.7 we plot the
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Fig. 5.7: Energy levels diagram of rubidium (considering the conversion reported in ref. [77]
of 1cm−1 ↔1.98644561×10−23J).
diagram of the levels of rubidium, whose data values where taken from a table in ref. [96,
pp. 308-309].
– material :
dipolar moments [103]: µab = 2.5377× 10−29Cm , probe transition for rubidium,Λ− system
µac = 2.5377× 10−29Cm , pump transition for rubidium,Λ− system
resonance wavelength: λ0 = 0.794979µm
atomic density [50]: natoms → eg. : 2.7317764× 1014m−3
atomic mass [74]: 85.4678 (rubidium)
– lasers :
the intensity of the pump laser: 〈Ipu〉 → eg. : 1536.4W/m2 −→ 77.8nW
probe laser wavelength: λpr → eg. : [0.7949786, 0.7949794]µm
pump laser wavelength such that: δpu = 0.000
– of the system as a whole :
γij : considering only population decay: [103]
γab = 36.13/2× 106Hz
γcb = 0.0Hz
considering energy-conserving relaxation: [38]
γab → eg. : 90× 106Hz
γcb → eg. : 24× 106Hz
temperature: Θ: 0.0K, 8.7K1, or 293.0K
Table 5.1: Default parameters considered in our study of the EIT phenomenon - these
parameters were used unless otherwise stated.
1The study case with the value of 8.7K was chosen to be at an equal temperature as in the experiment
with cold atoms on ref. [94].
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a)
b)
Fig. 5.8: EIT transmission curves in rubidium, with l=0.100m, considering a pump intensity
of 1536.4 Wm−2, a) without collisions; b) with collisions.
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The Table 5.1 shows some typical and our chosen values of a system with the EIT effect:
the parameters of the gas, of the lasers, and of the system as a whole.
The decay rates, γij , depend on the experimental conditions and are related to the exis-
tence of collisions in the system. When the atoms collide with each other or with the walls
of the container, their quantum state suffers changes. This is in the model through the
λij : if the collisions are more frequent, the relaxation times are smaller and the λij are
higher. When there are no collisions, for instance at low temperatures, the relaxation times
corresponding to γij depend only on the spontaneous emissions; in that case for rubidium
γab = 36.13/2× 106Hz, and γcb = 0.00Hz. When there are collisions γij take higher values.
In Figs. 5.8.a)-b) we observe typical figures of the transmission through rubidium under
the EIT effect. Here, we have used Eq. (5.48) that gives the complex refractive index of
the system, and the following relations for the material losses, α, and transmission of the
medium, T :
α = 2k Im(n); (5.65)
T = exp(−αl); (5.66)
where k is the wavenumber, and l is the propagation length.
In Fig. 5.8.a), for a case without collisions, we observe that the medium becomes fully
transparent at the resonant frequency of the rubidium; however, in Fig. 5.8.b), for a case
with collisions, the phenomenon is not fully transparent, due to the loss of coherence during
collisions. Thus, the shape of the graphs becomes different without or with collisions (in
these cases the medium length was taken as 0.100 m).
Figs. 5.9-5.10 show the real and imaginary parts of the refractive index, n. We observe
that the imaginary component is symmetrical relatively to the centre wavelength, which is
not the case for the real component.
In Fig. 5.11 we observe the effect on the transmission of varying the intensity of the pump,
for a medium without collisions. It can be observed that when the pump intensity becomes
higher the EIT effect becomes more intense: the high loss sidebands become more separated
and the EIT window becomes broader. The same effect is observed in Figs. 5.11.a)-e), in
different perspectives. Fig. 5.11.b)-e) shows the transmission profiles for particular values of
pump intensity: I={19.7, 197.4, 1974.0, 19739.9}Wm−2, which correspond to pump powers
Ppu={0.001, 0.010, 0.100, 1.000}µW, in the HC-MOF considered in the next section.
110
a) b)
Fig. 5.9: Real (a) and imaginary (b) parts of the refractive index for different probe wave-
lengths, λ, and different intensity of the pump laser, for a system without collisions - with
parameters of Table 5.1.
a) b)
Fig. 5.10: Real (a) and imaginary (b) parts of the refractive index for different probe
wavelengths, λ, and different intensity of the pump laser, for a system with collisions - with
parameters of Table 5.1.
In Fig. 5.12, we have plotted the material dispersion. Since n changes rapidly with
frequency on the transparency window, the dispersion is very high and changes considerably.
In figures 5.13-5.14, the difference is that we have considered collisions, but the other
parameters are identical to the ones considered for Figs. 5.11-5.12, respectively. The main
differences in transmission are analogous to what have been observed between Figs. 5.8.a)
and 5.8.b), as discussed above.
In Fig. 5.15 we show how the transmission and the group velocity for λ at the resonance
(i.e. at λ = λ0) vary with the intensity of the pumping laser. In a system without collisions
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a)
b) c) d) e)
Fig. 5.11: EIT transmission without collisions: a) as a function of Ipu, b) I=19.7 Wm
−2, c)
197.4 Wm−2, d) 1974.0 Wm−2, e) 19739.9 Wm−2.
a) b) c) d)
Fig. 5.12: Dispersion under the EIT effect, without collisions for different pump intensities
- with parameters of Table 5.1.
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a)
b) c) d) e)
Fig. 5.13: EIT transmission with collisions: a) as a function of Ipu, b) I=19.7 Wm
−2, c)
197.4 Wm−2, d) 1974.0 Wm−2, e) 19739.9 Wm−2.
a) b) c) d)
Fig. 5.14: Dispersion under the EIT effect, with collisions for different pump intensities -
with parameters of Table 5.1.
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a)
b)
Fig. 5.15: Transmission (a) and group velocity (b), in the case of probe and pump lasers in
perfect resonance with the transitions, as a function of the intensity of the pumping laser.
we always have transmission T = 100%, but in a system with collisions the transmission vary
with the intensity of the pump, increasing with it. The group velocity for Ipu  0 is similar
in both systems with and without collisions. We predict slow light, i.e. low group velocities
in the middle of the EIT window, for low pump intensities. However, that group velocity
increases with Ipu.
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5.5 EIT in microstructured optical fibres
In this section, we aim to study how the guidance affects the EIT phenomena. For this
purpose we will consider that the light of the pump laser travels in a hollow core microstruc-
tured optical fibre (HC-MOF), whose main parameters are presented in Table 5.2.
– fibre :
fibre length: l→ eg. : 0.100m
fibre’s design: HC-MOF, with Λ=4.0µm, d=3.9µm, and whose cladding is composed by silica and air.
core radius: rco = 1.5Λ,
aeff = 5.0659× 10−11m2
Table 5.2: HC-MOF parameters considered in our study of the EIT phenomenon; these
parameters were used unless otherwise stated.
With Comsol multiphysics we obtained the fundamental mode of the fibre due to the
pump laser. We assume that the level |c〉 is unpopulated, and therefore the pump is not
affected by the rubidium: it observes a refractive index of n = 1. Then, we have modelled
the radial dependence of the mode by a Gaussian function. This radial dependence of the
mode field is crucial since it leads to distinct n felt by the probe for distinct values of the
radial position, r, inside the fibre’s core. The Rabi frequency in this case is:
Ωpu = Ω
0
puf, (5.67)
with:
f = a0 exp
{
−
(
r − b0
c0
)2}
(5.68)
In this function a0 is chosen to be equal to 1 because this means that the maximum of the Ωpu
is the Ω0pu; b0 is chosen to be equal to 0 because this means that the Gaussian top is located
at r = 0; and c0 is the main parameter, which is related with the width of the Gaussian and
was obtained by an adjustment to the pump mode, as in Figs. 5.16.a) and 5.17.
In Fig. 5.16.a) we show the fundamental mode of fibre for the pump signal which was
adjusted to a Gaussian in Fig. 5.17 – for a fibre with core radius rco=1.5Λ=6.0µm (where Λ
is the pitch). The fitting parameters of the Gaussian are a0=1; b0=0; and c0=4.083. We have
used the same model for the pump field, the Gaussian of Fig. 5.17, for all the studied cases
in this section. For other similar fibres we have verified that c′0 ≈ c0r′co/rco, where c0 and rco
are the parameters for the default fibre of Fig. 5.17, and here r′co and c′0 are the parameters
for a fibre differing on the scale.
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a) b)
Fig. 5.16: a) Fundamental mode of the pump signal, b) fundamental mode of the probe
signal at λpu = λpu0 ≈ λpr = λpr0 , i.e. with pump and probe lasers at perfect resonance
conditions, for the fibre of Table 5.2.
Fig. 5.17: Electric field (normalized) along the direction of the radial coordinate, r, of the
fibre’s fundamental mode at the pump wavelength, and its approximation by a Gaussian, for
the fibre of Table 5.2.
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Fig. 5.18: Real and imaginary parts of the refractive index for the cases with λll=0.7949788
µm, λl=0.7949789 µm, λ0=0.7949790 µm, λr=0.7949791 µm, and λrr=0.7949792 µm, as a
function of the radial coordinate r - without collisions, and with the same parameters as in
Tables 5.1-5.2.
Then, we have searched for modes of the probe signal on the same fibre but whose core is
filled with rubidium such that n is given by Eq. (5.48), and the fibre’s cladding is composed
by silica and holes of air. In Fig. 5.16.b) we see the fundamental probe mode for perfect
resonance conditions.
As mentioned above, in EIT, the refractive index depends on the intensity of the pumping
laser. In consequence, the refractive index felt by the probe varies along the value of the radial
coordinate, r, on the fibre. In Fig. 5.18 we show this dependence of the refractive index on
the radial coordinate, for a rubidium gas and the radial Gaussian distribution of the pump
mode field. We note that the curves of the real part are all different; however curves for the
imaginary part have a symmetry relatively to the centre wavelength λ0, such that the curves
for λll=0.7949788 µm and λrr=0.7949792 µm coincide, and the curves for λl=0.7949789 µm
and λr=0.7949791 µm coincide, i.e. they are superimposed.
We have found that the two scenarios: i) rubidium fills the core hole, and ii) rubidium
fills the core and cladding holes are different. Here, we have chosen to work with the first
scenario.
In Fig. 5.19, we show the local transmission at different points of the fibre along the
radial position, r, for a system with collisions. The final transmission depends on the full
design of a fibre, but here we also study what we call the local transmission for theoretical
analysis purposes. The local transmission is the transmission at a specific r point, depending
on the imaginary part of n(r).
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Fig. 5.19: The local transmission for the probe considering collisions, at different values of
the radial coordinate, r, and with the parameters of Tables 5.1-5.2.
The radial variation of the mode intensity from r = 0 to r = rco for a fibre core filled by
a rubidium gas has several consequences. In Fig. 5.20, we plot the local transmission but
in a different perspective. We have fixed λ and we have plotted the local transmission all
over the transverse section of the fibre’s core. Here, we have obtained figures consistent with
the results shown in our previous Figs. 5.11 and 5.13: – in Fig. 5.20 for 794.979 nm we see
that for this fixed wavelength the local transmission decreases with r, which is due to the
increasing of the imaginary part of n with r (as seen in Fig. 5.18); in fact, for an increase in
the value of the radial coordinate from 0 to rco there is a decrease of the Ipu from max(Ipu)
to ≈0, which corresponds to moving down along a vertical line in Fig. 5.10.b).
With those plots we show a new characteristic of the EIT phenomena in fibres: the
refractive index in an EIT medium filled HC-MOF can be adjusted such that it can have
three different types of profiles, which leads to different transmission profiles as shown in Fig.
5.20. The first case shows the local transmission for a probe laser in perfect resonance, the
second case shows the local transmission with a probe wavelength distinct but close to that
of the resonance, and the third one is for a probe wavelength far from the resonance; the
scenarios are clearly different. In particular, in Fig. 5.20.a) for λ =794.979nm we see that the
local transmission decreases with r, which is due to the monotonous increase of the imaginary
part of n. In Fig. 5.20.b), for λ=794.97903 nm, when increasing r, the imaginary part of the
refractive index begins increasing until reaching a maximum value, after which it decreases
again; given the symmetry of ni the result for λ=794.97897 nm is identical. In Fig. 5.20.c),
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a)
b)
c)
Fig. 5.20: Transverse distribution of the local transmission in the core of the HC-MOF, for
probe wavelengths: a) λ0=794.97900 nm; b) λ=794.97903 nm; and c) λ=794.97910 nm.
for λ=794.97910 nm, the variation of the transmission is opposite to that observed in the
first case; the result for λ=794.97890 nm is also identical to this one.
In Figs. 5.21.a)-d) we observe the refractive index of air, n, and the corresponding effective
refractive index, neff for the air-filled HC-MOF. We have made this study to have an insight
on how the guidance would affect the fibre’s mode without EIT. We note that Re{n} and
Re{neff} both decrease with ∆ = −δpr + δpu = −(ωpr − 2pic/λ0). We observe that the result
in Fig. 5.21.c) of an air-filled HC-MOF is in agreement with the result in Fig. 5.21.a) of
air. In addition, the imaginary part of neff for this fibre is not null and does not have a
symmetrical behaviour relatively to λpr = λ0. In fact, it has still some minimal losses due to
the not perfect light confinement in the fibre. The behaviour seen on those figures leads to
the transmission profiles shown in Figs. 5.22.
Figs. 5.23-5.24 show the effective refractive index obtained for a pump power of 190nW
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a) b) c) d)
Fig. 5.21: Refractive index of air: (a) real and (b) imaginary parts; effective refractive index
of the air filled HC-MOF: (c) real and (d) imaginary parts.
Fig. 5.22: Transmission of air, and transmission of an air filled HC-MOF (two different yy
axis regions are shown).
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Fig. 5.23: Effective refractive index of a HC-MOF filled with rubidium, without considering
collisions in the model.
Fig. 5.24: Effective refractive index of a HC-MOF filled with rubidium, considering collisions
in the model.
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a) b)
Fig. 5.25: Refractive index with Iavg, a) real part; b) imaginary part - with parameters of
Tables 5.1-5.2.
not considering and considering collisions, respectively. In the case without collisions, at
perfect resonance, the imaginary component of the refractive index vanishes, which leads to
a transmission of 100%, whereas in the case with collisions the corresponding transmission is
smaller. From the shape of the effective refractive index, the main properties of the system
are obtained.
The two curves on Fig. 5.25 show the refractive index with an average intensity, Iavg, in
the cases of without collisions and with collisions. Here, we observe that with collisions the
graphs tend to be smoother.
Then, in Figs. 5.26-5.27 we may observe the transmission profile for Figs. 5.23-5.24.
The dots correspond to the effective transmission assuming the Gaussian profile of the pump
signal. The other 3 curves in Figs. 5.26 and 5.27 describe the transmission each one for a
homogeneous intensity of the pump laser as: at r = 0, at r = rco, and at an average intensity.
In Fig. 5.26-5.27 we note that the transmission profile is different from that in the free
gas. The transmission in a HC-MOF have similarities with the other three curves through a
complex dependence on the Im{n(r)}, where n(r) varies along r. That complex dependence
does not have an analytical solution, but it is studied here by numerically solving the master
equation for the full HC-MOF, Eq. (2.17), with n described by Eq. (5.48), with the inclusion
of Eq. (5.67) which leads to a variation of the pump intensity with r.
In the following we will study the Doppler effect in our system. The Doppler effect is the
change in the received frequency of a wave due to the motion of the source, or the motion of
the receiver. The resultant frequency is [108]:
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Fig. 5.26: Transmission of the probe after 0.1 m of HC-MOF considering a pump signal
of 190 nW and without collisions; for comparison purposes we added three other curves
corresponding to the unguided transmission for intensities as in r = 0, r = rco, and equal to
an average intensity.
Fig. 5.27: Transmission of the probe after 0.1 m of HC-MOF considering a pump signal of 190
nW and with collisions; for comparison purposes we added three other curves corresponding
to the unguided transmission for intensities as in r = 0, r = rco, and equal to an average
intensity.
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f =
(
c± vr
c± vs
)
f0, (5.69)
which is mathematically equivalent to:
f =
(
1± vr − vs
c± vs
)
f0, (5.70)
where vr is the velocity of the receiver, and vs is the velocity of the source. For considering
the Doppler effect on our EIT system we have done the following substitutions, which are
valid for vs  c:
ωpr =
(
1 +
vat
c
)
ωpr0, (5.71)
ωpu =
(
1 +
vat
c
)
ωpu0, (5.72)
where vat is the velocity of the atoms or molecules of the gas in the direction of the light
propagation.
In fact, ∆0, δpr0, and δpu0, i.e. the values obtained without considering the Doppler effect,
depend on ωpr and /or on ωpu. Therefore for including the Doppler effect, they should depend
on vat. We find out that we shall do the following substitutions:
δpr = δpr0 + kprvat; (5.73)
δpu = δpu0 + kpuvat; (5.74)
which are valid for an EIT gas [58, chapt. 12].
Moreover, we have for the considered Λ-system of rubidium:
∆ = δpu − δpr ≈ δpu0 − δpr0, for kpr ≈ kpu. (5.75)
where the last equation is valid, since in our system kpr ≈ kpu.
The distribution of the atomic speed is given by a Maxwellian distribution, whose atomic
velocity component in a given direction has a Gaussian shape:
fΘ(v) =
1
vΘ
√
pi
e−(v/vΘ)
2
, (5.76)
where vΘ is the mean value of the norm of the velocity of the atoms or molecules, which is
given by:
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Fig. 5.28: Transmission profile for the probe not guided with /without the Doppler effect,
for different temperatures, with collisions, and Iavg=1536.4 Wm
−2, in a 40 cm medium; the
other parameters are those at the Table 5.1.
vΘ ≡ 〈||vat||〉 =
√
2kBΘ/m, (5.77)
where kB is the Boltzmann constant, Θ is the temperature and m is the mass of the atom of
the gas in which we observe the EIT.
Some authors approximate the Gaussian by a Lorentzian function, which is mathemati-
cally more simple. In our work, we have considered both approaches, but we have selected the
Gaussian model since it gives more accurate results. We start by defining ρ˜′ab as an integral
representing an average through all the velocities each with a specific weight. This is given
by the expression:
ρ˜′ab =
∫ +∞
−∞
ρ˜ab(v)fΘ(v)dv. (5.78)
with fΘ(v) described as above. As a consequence we obtain:
ρ˜′ab = Ωpr
√
pi
2kprvΘ
e−z
2
(Erfi(z)− i), (5.79)
with: z =
[
(δpr0 + iγab) +
|Ωc|2
4(∆0−iγbc)
]
/(kprvΘ), where Erfi is the imaginary error function
defined as: Erfi(z) = −iErf(iz), with:
Erf(z) =
2√
pi
∫ z
0
e−t
2
dt. (5.80)
In Fig. 5.28 we show the EIT transmission profile under various temperatures, for which
we observe different results. The transmission profile in the absence of the Doppler effect
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a) b)
c) d)
Fig. 5.29: Zoom-in on the EIT window of the refractive index [a)-b)] and effective refractive
index on a HC-MOF [c)-d)], including the Doppler effect for various temperatures: 0.0 K,
8.7 K, and 293.0 K - with parameters of Tables 5.1-5.2.
(i.e. if temperature Θ=0.0 K) corresponds to the solid curve. With the Doppler effect, as we
increase the temperature, the transmission profile becomes broader, and in the centre of the
transmission window in our selected cases the transmission becomes higher (Fig. 5.28).
In Fig. 5.29 we observe a zoom-in window with the variation of the refractive index of free
propagation in rubidium, and in the HC-MOF. The Re{neff} is shifted compared to Re{n},
while the Im{neff} is smaller than Im{n} for each of the considered temperatures. We see
an overall agreement between the properties of the free gas and of the HC-MOF: there is a
qualitative similarity, but a quantitative difference. There are distinct characteristics due to
the fibre confinement of the pump and probe lasers light.
In Figs. 5.30.a)-f), we present the following characteristics of our EIT system: the trans-
mission, the dispersion, and the group velocity. We have done a zoom-in showing the central
126
region on which we are interested, where the EIT occurs. In addition, we have obtained
effective mode areas that are almost the same for all our cases, which is due to the fact that
the fibre’s design is maintained the same and the probe laser wavelength is always very close
to the centre wavelength λ0.
The transmission changes when the effect is observed in a HC-MOF, accordingly also
with Figs. 5.26-5.27. In Fig. 5.30.a)-b), we have included a zoom-in of the transmission
curves for 10 cm, for the free propagation at the selected temperatures of 0 K, 8.7 K and
293 K, as well as for the guided propagation effect. In the middle of the EIT window, for
the temperature of 0 K, we obtain a transmission of 47.0% in the case of free propagation,
and a transmission of 42.4% in the case of guided light. Thus, we observe that in the case
of T=0 K the transmission is slightly lower with guidance; However, in the case of T=293 K
the transmission is slightly higher with guidance (70.5%) compared with the free propagation
(69.1%), being both those values similar to each other. We also note that in the EIT middle
point, at perfect resonance, the transmission increases with increasing temperature.
The dispersion shows a unique profile, such that from Fig. 5.30.c)-d) we deduce that by
adjusting the temperature it may be possible to achieve flat dispersion in the exact reso-
nance wavelength at the middle of the EIT window. In the case of the free propagation [Fig.
5.30.c)] we have an almost flat dispersion at the middle point for Θ=0 K, whereas in the case
of guidance we have a dispersion curve with a negative slope [Fig. 5.30.d)]. Moreover, the
amplitude of the dispersion variation is smaller in the case of guidance, which can be an ad-
vantage for the light propagation within a large range of wavelengths. At room temperature,
the dispersion is less affected by the guidance.
From Fig. 5.30.e)-f) we observe an interesting behaviour: it is possible to achieve slow-
light or fast light in HC-MOFs with EIT. This possibility of combining slow-light or fast-light
due to EIT in fibres can find several applications, namely in optical signal processing. Fig.
5.30.e)-f) shows that, in all the studied cases, the centre of the EIT window permits slow
light, while in the side-bands of the EIT window, the conditions are favourable for fast light.
In particular, we note that for Θ ≈ 0 K there are discontinuities at the side-bands, whereas
the curves for Θ=293 K are continuous and similar.
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a) b)
c) d)
e) f)
Fig. 5.30: – Transmission (a)-(b), dispersion (c)-(d), and group velocity (e)-(f) in the
transparency window considering a system with collisions - at left: in free rubidium, at right:
in rubidium confined in the HC-MOF with 10 cm.
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5.6 Summary
The EIT phenomenon occurs when a pump field acting in a medium transforms the
medium from opaque to transparent in a specific range of frequencies for a probe field. The
transmission can reach values of 100%, depending on the systems parameters.
In this chapter we have considered a semi-classical approach: the atomic system is studied
using the quantum mechanical formalism, whereas the electromagnetic field is treated by a
classical formalism. We have then used the density matrix formalism. We have obtained the
complex susceptibility of an EIT medium, for various types of systems: the so-called lambda
systems, ladder systems, and vee systems.
The properties of an EIT configuration are well described by the refractive index, which
depends on several parameters of the system.
The shape of a typical transmission EIT graph shows a peak in the middle of the window,
with high transmission values in the zone of the central wavelength. We have studied the
impact of considering the existence or the absence of collisions in the system, as well as the
variation of other parameters. The window of the EIT effect has distinct properties, such as
group velocity profiles corresponding to slow-light or fast-light.
We have studied the EIT in free gas or inside a hollow-core MOF, comparing both situati-
ons. We have made a theoretical fit which shows that the fundamental mode of the HC-MOF
created by the pump laser has a transverse Gaussian shape. We have studied the dependence
of the refractive index with the radial position of the fibre core that is filled with rubidium.
We have investigated the consequences of light confinement on the EIT phenomenon.
The important parameters of an EIT system confined in a HC-MOF are the ones of
the material (dipolar moments, resonance wavelength, atoms/molecules density, and atomic
mass), the ones of the fibre (core radius, fibre length, and fibre’s design), the ones of the
lasers (intensity of the pump, probe laser wavelength, and pump laser wavelength), and the
ones of the system as a whole (γij , and temperature).
The dependence of the transmission of a HC-MOF on that fibre’s design and on the
several parameters of the system must be studied by computational methods.
Finally, we have studied also the impact of the Doppler effect in the EIT systems, and
we have seen distinct profiles, namely: in dispersion, group velocities and transmission, con-
sidering both the propagation in free rubidium and the propagation in a HC-MOF.
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6CONCLUSIONS
6.1 Conclusions
We have presented the theoretical background about light propagation in microstructured
optical fibres. The main mechanisms that can lead to light guidance in those fibres are the
modified TIR, the photonic bandgap effect, or the low density of states. We have presented
the equations for finding the propagation modes in fibres and for studying the propagation
of pulses. The various microstructured optical fibres (MOFs) can be separated into two
categories: the SC-MOFs and the HC-MOFs, accordingly to their core type. Due to the
complex patterns that MOFs have, their study is more complicated than that of standard
fibres. Thus, the computational methods should be adapted.
The computational methods that we have implemented include: the usage of Comsol mul-
tiphysics with Matlab for studying the main properties of the model, such as the mode field,
the dispersion and the nonlinearity; the usage of Matlab for studying the pulses propagation;
the usage of MPB with Scheme and Matlab for studying the bandgaps and the density of
states of HC-MOFs. With such methods we have characterized the fibre’s properties, and
studied their mechanisms of guidance.
We then have studied various SC-MOFs and HC-MOFs. In particular, we have shown
that the LS-MOF model unites adjustable dispersion and high nonlinearity. For a LS-MOF
composed by silica and air, we have achieved a nonlinear parameter of 70.0W−1 km−1, with
zero dispersion, simultaneously, at the telecom wavelength of 1.55µm. We have studied
the impact of a combination of terms on the pulse propagation in a MOF, as well as the
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consequences of isolating each term to perform a more detailed study, which is only possible
with numerical methods. We have shown that with HC-MOFs the ZDWs can take values
well above that of SC-MOFs. In addition, by changing the pressure of the gas, the ZDW
can be further tailored. We have studied the SCG and UV-light generation in HC-MOFs,
in particular in the kagome´ fibre. Using the results of pulse propagation simulations we
have determined the coherence evolution, as well as the quality of the output pulse and the
efficiency of UV light conversion. We have made several simulations in order to tune the
UV light and to find output spectra with high efficiency and high quality. The propagation
simulations can be useful for giving insight on how to build new UV light sources.
Then, we have focused on the electromagnetically induced transparency (EIT) effect. We
have made a comparison between the EIT effect in a free gas and in the same gas confined in a
HC-MOF. The middle window of a typical EIT graph shows transparencies as high as 100%,
and whose transparency depends on several parameters of the system: the atoms /molecules
density, the atomic dipolar moments of pump and probe transitions, the power of the pump
laser, the detuning of each laser, the temperatures, and the decay rates between different
levels. We have studied the impact of varying several parameters of a system with the EIT
effect. We have made an important study of the EIT effect in HC-MOFs. The transverse
spatial profile of the pump inside the HC-MOF produces a refractive index for the probe that
varies along the radial coordinate. Thus, we have observed that the resultant transmission
in a HC-MOF has a complex dependence on the distribution of the pump laser field. In
addition, we have observed how the temperature effect affects these phenomena.
6.2 Future perspectives
Following to work presented in this thesis, it would be interesting to study some other
related subjects:
− to study HC-MOFs filled with liquids, different gases, or plasmas;
− to study the photonic bands of kagome´ fibres in more detail, namely to analyse the
DOS and evaluate the properties around each k-point;
− to extend our EIT numerical studies in HC-fibres to different fibres;
− to simulate the light propagation on HC-MOFs in the presence of EIT;
− to investigate the occurrence of nonlinear phenomena with Feynman diagrams; howe-
ver that is computationally too much intensive for the hardware of current computers;
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− to evaluate the possibility of usage of a generalized eikonal approximation for studies
of light propagation in MOFs;
− to study participation media that have inhomogeneous index of refraction confined in
HC-MOFs using scattering techniques inspired on: photon mapping, metropolis light trans-
port, or path tracing.
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AAPPENDIX: ADDITIONAL FORMULAS
A.1 Nonlinear wave equation
By taking the curl of Eq. (2.9), then identifying the relation to the time-derivative of the
1st term of Eq. (2.10), and using the vector identity ∇×∇× ~v = ∇(∇.~v)−∇2~v, we obtain:
∇(∇.E)−∇2E = ∇×
(
−∂B
∂t
)
= − ∂
∂t
(
µ
(
J +
∂D
∂t
))
≈ − 1
0c2
∂2
∂t2
D
= − 1
0c2
∂2
∂t2
[0F−1{rE˜}+ PNL]
(A.1)
where the approximation is that we have considered a medium free of charges and non-
magnetic. Thus, we achieve Eq. (2.14).
The polarization effects are not instantaneous in time, and because of that we have to
describe them in the Fourier domain, by F−1{˜rE˜}, given by:
F−1{˜rE˜} = F−1{F{r ∗E}} = r ∗E =
∫ t
−∞
r(τ)E(t− τ)dτ,
due to the time convolution theorem.
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A.2 The master equation
We will prove here Eqs. (2.17)-(2.18). In a medium free of electrical charges and free of
electrical currents, Eqs. (2.7)-(2.10) describe that system.
For monochromatic fields of frequency ω, in the Fourier domain we have:
∇×E− iωµ0H = 0; (A.2)
∇×H + iω0rE = 0; (A.3)
which leads to:
⇒ 1
r(r)
∇×H(r) + iω0E(r) = 0; (A.4)
⇒ ∇× 1
r(r)
∇×H(r) + iω0(iωµ0H(r)) = 0; (A.5)
⇒ ∇× 1
n(r)2
∇×H(r)− ω
2
c2
H(r) = 0; (A.6)
where Eq. (A.6) leads to Eq. (2.17), that we wanted to prove.
A.3 The model for refractive index
In order to describe the refractive index of a medium we must analyse how the matter
is affected by the light propagating on it. When an electric field propagates in a medium
the valence electrons of the medium suffer a displacement that can be modelled as that of a
classical spring. The valence electrons oscillate around their equilibrium position such that
their equation of motion in the medium is:
m
d2
dt2
x(t) +mζ
d
dt
x(t) + kx(t) = qE(t), (A.7)
where m is the mass of the electron, ζ is the damping coefficient, k is the coefficient of the
restoring force (i.e. of the force between nucleus and the valence electron), q = −e is the
electron charge, and E(t) = E0e
−iωt is the external electric field.
The displacement function x(t) is assumed to be of the form:
x(t) = x0e
−iω0t, (A.8)
because x(t) changes periodically with the electrical field intensity. Substituting x(t), and
E(t) on Eq. (A.7) and introducing ω0 =
√
k/m, we obtain:
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x0 = q
E0
m
1
(ω20 − ω2 − iωζ)
(A.9)
The dipolar moment of each dipole is:
p(t) = qx(t) = qx0e
−iω0t; (A.10)
and the density of the polarization of the medium is:
p(t) = lim∆v→δ
∑n
j=1 qjxj(t)
∆v
= nq2/m
∑
j
fj
ω2j − ω2 − iωζj
E(t),
(A.11)
where n is the number of oscillators per unit volume and fj is known as the oscillator strength
of each resonant frequency wj .
Far from resonances, the imaginary part can be neglected with ζj ≈ 0. Therefore, solving
for Re{χ} we obtain:
Re{χ} = ω2p
∑
j
fj
ω2j − ω2
, (A.12)
where ωp =
√
nq2
m0
.
After that, by substituting the frequencies we obtain:
Re{χ} = ω2p
∑
j
fj(
2pic
λj
)2 − (2picλ )2 .
=
∑
j
ajλ
2
λ2 − bj ,
(A.13)
where aj is the magnitude of the resonance with λ
2
j = bj .
The refractive index of the material is then given by:
n =
√
1 + χ
=
√√√√1 +∑
j
ajλ2
λ2 − bj .
(A.14)
This eq. is called the Sellmeier equation, whose coefficients are determined experimentally.
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A.4 GNLSE with self-steepening
We will consider an electric-field described by:
E = f(x, y)a(z, t)e−iω0t+iβcz → E˜ = f(x, y)a˜(z, ω − ω0)eiβcz (A.15)
Using the wave equation in the Fourier domain we have:
∇2E˜ + ω
2
c2
(1 + χ˜(1)(ω))E˜ = µ0F
(
∂2PNL
∂t2
)
; (A.16)
∇2E˜ + ω
2
c2
(n2 + 2n∆n)E˜ = 0, (A.17)
where ∆n includes the nonlinear effects in a perturbative form. Therefore we can write down:
a˜∇2t feiβcz + f
(
∂2a˜
∂z2
+ 2iβc
∂a˜
∂z
− β2c a˜
)
eiβcz +
ω2
c2
(n2 + 2n∆n)fa˜eiβcz = 0. (A.18)
Then, dividing both sides by a˜feiβcz, we obtain:
1
f
∇2t f +
ω2
c2
(n2 + 2n∆n) = −1
a˜
(
∂2a˜
∂z2
+ 2iβc
∂a˜
∂z
− β2c a˜
)
. (A.19)
We can see that the left hand-side of this equation only depends on x and y, whereas the
right hand-side of this equation only depends on z. Therefore we can equal each side of this
equation to a constant, which we will call β˜2.
Therefore we obtain two equations:
- the equation from the left hand-side is the equation for the transversal distribution of the
field, giving the propagation modes, and propagation constants;
- the equation from the right hand-side is the evolution equation for the envelope depending
on time.
Let us proceed with the equation from the right hand-side:
∂2a˜
∂z2
+ 2iβc
∂a˜
∂z
+
(
β˜2 − β2c
)
a˜ = 0. (A.20)
⇒ ∂
2a˜
∂z2
+ 2iβc
∂a˜
∂z
+
(
(β + ∆β)2 − β2c
)
a˜ = 0, (A.21)
where the ∆β represents a perturbation given by [1]:
∆β =
k0
∫∫
∆n|f(x, y)|2dxdy∫∫ |f(x, y)|2dxdy , (A.22)
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Here we can replace β by its Taylor series, around ω0:
β = βc + β
′
c(ω − ω0) + d˜, (A.23)
where d˜ represents the sum of the other terms of that Taylor series.
Therefore we have that:
(β + ∆β)2
= (βc + β
′
c(ω − ω0) + d˜+ ∆β)2
(A.24)
= β2c + 2βcβ
′
c(ω − ω0) + 2βcd˜ + 2βc∆β + (β′c)2(ω − ω0)2 + 2β′c(ω − ω0)d˜ + 2β′c(ω − ω0)∆β +
d˜2 + 2d˜∆β + ∆β + ∆β2.
Then, by discarding the small terms, we obtain:
∂2a˜
∂z2
+ 2iβc
∂a˜
∂z
+
(
2βcβ
′
c(ω − ω0) + 2βcd˜+ 2βc∆β + (β′c)2(ω − ω0)2 + 2β′c(ω − ω0)d˜
)
a˜ = 0,
(A.25)
which can be expressed in the time-domain as:
∂2a
∂z2
+ 2iβc
∂a
∂z
+ 2iβcβ
′
c
∂a
∂t
+ 2βc
∞∑
n≥2
(−i)n
n!
∂n
∂tn
a+ 2βc∆βa− (β′c)2
∂2a
∂t2
+ 2β′ci
∂
∂t
∞∑
n≥2
(−i)n
n!
∂n
∂tn
a
 eiω0t
= 0;
(A.26)
or:
∂2a
∂z2
+ 2iβc
∂a
∂z
+ 2iβcβ
′
c
∂a
∂t
+ 2βcda+ 2βc∆βa− (β′c)2
∂2a
∂t2
+ 2iβ′cd
∂a
∂t
= 0. (A.27)
We now make a change of variable τ = t− β′cz, and we get:
[
∂2
∂z2
− 2β′c
∂2
∂z∂τ
+ (β′c)
2 ∂
2
∂τ2
]
a+2iβc
[
∂
∂z
− β′c
∂
∂τ
]
a+2iβcβ
′
c
∂a
∂τ
+2βcda−(β′c)2
∂2a
∂τ2
+2iβ′cd
∂a
∂τ
(A.28)
= −2βc∆βa; (A.29)
which can be simplified to:
[
−2β′c
∂2
∂z∂τ
]
a+ 2iβc
[
∂
∂z
]
a+ 2βcda+ 2iβ
′
cd
∂a
∂τ
= −2βc∆βa, (A.30)
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if we use the slowly varying envelope approximation: ∂
2
∂z2
a ≈ 0.
After that we transform the last equation into:
2iβc
∂
∂z
(
1 +
i
ω0
∂
∂τ
)
a+ 2βc
(
1 +
i
ω0
∂
∂τ
)
da = −2βc∆βa. (A.31)
where we have used that βc = neffω0/c⇒ β′c ≈ neff/c.
Then we will treat the nonlinear perturbative term. We consider that:
PNL =
3
4
0χ
(3)E
∫
R(t′)|E(t− t′)|2dt′. (A.32)
with:
ω2
c2
2n∆n = −µ0F
{
∂2
∂t2
PNL
}
/(afeiβcz); (A.33)
⇒ ∆n = 3
8n
χ(3)|f |2
((
1 +
i
ω0
∂
∂t
)2)∫
R(t′)|a(t− t′)|2dt′. (A.34)
We can now substitute Eq. (A.34) into Eq. (A.22), obtaining that:
∆β =
k03χ
(3)
8n
∫∫ |f |4dxdy∫∫ |f |2dxdy
(
1 +
i
ω0
∂
∂t
)2 ∫
R(t′)|a(t− t′)|2dt′; (A.35)
after that, inserting this result in Eq. (A.30), and simplifying we obtain:
∂a
∂z
− ida = ik03χ
(3)
8n
∫∫ |f |4dxdy∫∫ |f |2dxdy
(
1 +
i
ω0
∂
∂t
)∫
R(t′)|a(t− t′)|2dt′a. (A.36)
Then, we make the substitution u = ba, with b =
√
1
20cn
∫∫ |f(r, φ)|2rdrdφ, such that:
∂u/b
∂z
− idu/b = ik03χ
(3)
8n
1
aeff
(
1 +
i
ω0
∂
∂t
)∫
R(t′)
|u(t− t′)|2
|1/20cn| dt
′u/b; (A.37)
∂u
∂z
− idu = iγ
(
1 +
i
ω0
∂
∂t
)∫
R(t′)|u(t− t′)|2dt′u, (A.38)
which is the GNLSE with self-steepening, where:
γ =
k03χ
(3)
4n20caeff
. (A.39)
Here, by using the Kerr coefficient given by [1]:
nI2 = 2n2/(0cn) =
3
4
χ(3)
n20c
, (A.40)
the expression on Eq. (A.39) is in agreement with Eq. (2.25), for nonlinear parameter, γ.
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A.5 The primitive and reciprocal lattice vectors
In order to derive the theoretical formula for building the primitive reciprocal lattice
vectors [54], we start by looking at the functions that are periodic, which are described by:
f(r) = f(r + rt), (A.41)
where r is any point in the primitive space, and rt is a translation vector that translates
the lattice into itself. Then, we must apply the condition of the periodicity to the Fourier
transforms of these functions, f˜(r) = f˜(r + rt), that yields:
∫
g(q)eiq.rd3q =
∫
g(q)eiq.(r+rt)d3q, (A.42)
where q stands for all the wave-vectors, and g(q) is the coefficient of the wave-vector q. From
this we have:
eiq.rt = 1 (A.43)
⇒ q.rt = 2pinc,
with nc an integer constant.
The vectors q for such that this condition is satisfied are called the reciprocal lattice
vectors. For a 3d space we would have:
q.rt = (la1 +ma2 + na3).(lb1 +mb2 + nb3) = 2pinc (A.44)
where ai are the primitive vectors of the lattice and bj are the primitive vectors of the
reciprocal lattice. We can satisfy the above condition for some nc. The preferred solution is
such that the value of nc is equal to the dimension number of the system, with:
ai.bj = 2piδij , (A.45)
where δij is the Kronecker delta. It can be proven that, if we know all ai, then by solving
Eq. (A.44) for finding all bj for 2-dimensions (or 3-dimensions) we obtain that:
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- the vectors bj are such that the 2x2 (or 3x3) matrix whose columns are bj is 2pi times
the inverse of the transpose of the matrix whose columns are ai. [54]
For instance, in the case of a 2-dimensional hexagonal lattice, which has a1 =
(√
3
2 ,
1
2
)
,
and a2 =
(√
3
2 ,−12
)
, we have:
.
Thus, according to the above result, for the considered hexagonal geometry, b1 =
(
1
2 ,
√
3
2
)
,
and b2 =
(
1
2 ,−
√
3
2
)
.
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BAPPENDIX: FLOW CHARTS
Fig. B.1: Flow chart for the code developed with Comsol multiphysics and livelink TM, and
Matlab, for obtaining the propagation modes and their properties.
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Fig. B.2: Flow chart for the beam propagation code developed in Matlab (and C++), for
solving the GNLSE.
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Fig. B.3: Flow chart for the code developed with MIT photonic bands (MPB), and Matlab,
for computing the bands, projected bands and DOS of the claddings of HC-MOFs.
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